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iAbstract
A single-column computational solver was developed to simulate the atmospheric bound-
ary layer, with the objective of analyzing turbulence parameterizations focusing neutral
and stably-stratified atmospheric conditions. The model allowed for the prediction of
temperature, wind speed and turbulent quantities while accounting for a constant pres-
sure gradient and the Coriolis forces based on a geostrophic wind vector. The investi-
gated turbulence models ranged from a simple mixing-length model to two prognostic
equations parameterizations, namely k-`, k-e and k-e-` variations.
Simulations were made under two sets of conditions for the neutrally-stratified at-
mosphere. First solutions under a steady-state formulation were simulated, for which
the observations from the Leipzig wind profile were used for comparison. Second a
transient case was compared with LES data. The effect of considering static-stability
over the neutrally-stratified surface layer was studied, resulting in realistic vertical pro-
files of turbulent viscosity and proving their importance for modelling of the neutral
atmosphere. Certain models became viable with this consideration.
Lastly, a stably-stratified boundary layer was simulated and compared against the
results from the GABLS1 model inter-comparison study. Of all models the k-` model,
to which a simple modification was made to account for stability, provided the best
results. The relative error for this model was found to be lower than 15%. Proposals for
the improvement of the studied parameterizations were given.
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Resumo
Foi desenvolvido um co´digo computacional para um modelo de coluna vertical cuja
func¸a˜o foi a simulac¸a˜o da camada limite atmosfe´rica. O objetivo foi a ana´lise de difer-
entes modelos de turbuleˆncia focando condic¸o˜es atmosfe´ricas de estratificac¸a˜o neutra
e esta´vel. O modelo permitiu a previsa˜o de temperatura, velocidade do vento e quan-
tidades turbulentas. Teve-se em conta um gradiente de pressa˜o constante e as forc¸as
de Coriolis atrave´s de um vetor de vento geostro´fico. Os modelos de turbuleˆncia in-
vestigados compreenderam desde um simples modelo de comprimento de mistura a
parametrizac¸o˜es de duas equac¸o˜es prognosticas, nomeadamente variac¸o˜es dos modelos
k-`, k-e e k-e-`.
Para o caso da atmosfera com estratificac¸a˜o neutra foram feitas simulac¸o˜es com dois
conjuntos de condic¸o˜es. Primeiro foram calculados os resultados numa formulac¸a˜o
em regime permanente, para os quais foi utilizado o perfil de vento de Leipzig como
comparac¸a˜o. O segundo foi um caso transiente, para o qual foram utilizados dados de
um modelo LES. O efeito da considerac¸a˜o da estabilidade esta´tica sobre a camada limite
com estratificac¸a˜o neutra foi estudado tendo resultado em perfis verticais de viscosi-
dade turbulenta realistas e provando a sua importaˆncia para a modelac¸a˜o da atmosfera
neutra. Alguns modelos tornaram-se via´veis com esta considerac¸a˜o.
Finalmente uma camada limite atmosfe´rica foi simulada e comparada com os re-
sultados do estudo comparativo de modelos, GABLS1. De todos os modelos o k-`, ao
qual foi aplicada uma simples alterac¸a˜o para ter em conta a estabilidade, produziu os
melhores resultados. O erro relativo deste modelo foi inferior a 15%. Propostas para o
melhoramento das parametrizac¸o˜es estudadas foram dadas.
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Introduction
The atmospheric boundary layer (ABL) has been the subject of several theoretical and
experimental studies, given its importance for the understanding and prediction of me-
teorological phenomena. The fact that it is not yet a closed topic lies in its complexity,
the influence of temperature gradients, moisture, cloud coverage, the Coriolis force re-
sponsible for the usual rotating flows around high and low-pressure areas and other
parameters. This means that the more common well documented methods used for
solving typical mechanical engineering flows, like the k-e model, are not able to pro-
vide accurate descriptions without some modification; e.g., Detering and Etling (1985)
or Duynkereke (1988).
In order to better understand the ABL several simplifications have been done by De-
tering and Etling (1985), Duynkereke (1988) or Freedman and Jacobson (2002) among
others to analyze the influence that individual parameters have on it. One such simplifi-
cation often used is that the properties of the atmosphere show negligible changes with
the four cardinal directions. This results in a single column model. In order to remove
the effects of buoyancy that lead to an increase or decrease of turbulence, the evolution
of temperature of the ABL must be such that it leads to what is known as neutral strati-
fication. Finally, both the horizontal pressure gradient driving the wind and density are
often assumed as constant over its height resulting in a barotropic atmosphere.
These conditions are rare in the ABL and even more rarely registered given that
measurements over its 400 to 2000 m require great effort. Mildner (1932) made such an
effort using weather balloons and measuring their speed throughout their ascent when
the conditions of a barotropic, neutral, horizontally homogeneous atmosphere were met.
Lettau (1950) later re-examined his discoveries and Blackadar (1962) then used this new
information to infer an expression for a characteristic mixing length and its variation
over height. This led to a better parameterization of turbulence models that make use
of this parameter such as the one suggested by Apsley and Castro (1997). However,
Detering and Etling (1985) showed that the measurements made by Mildner (1932) were
not taken under a truly neutral atmosphere and stressed the fact that such conditions
were very hard to encounter. When the equation given by Blackadar (1962) is the sole
parameter used for the parameterization of turbulence the model is unable to respond
to any conditions other then the ones specified previously. Djolov (1973) attempted an
alteration to account for the stability of the ABL, although it is still somewhat inflexible
as will be explained. If changes in topography are present other methods have to be
used as pointed out by Beljaars et al. (1987).
2Thus the necessity for a model with a higher order than just an equation prescribing
the mixing length, led to several attempts at altering the standard k-e model as intro-
duced by Jones and Launder (1972). This model, has been used extensively to predict
local geophysical flows such as Kitada (1987) where the movement of air in a coastal re-
gion is studied, though this leads to a sometimes inaccurate description of the real ABL
Detering and Etling (1985). In this last article the authors suggested an alteration to the
equation for the dissipation of the energy associated with turbulence or the turbulent
kinetic energy (TKE), k, but their model did not predict the effects of stratification and
was thus only adequate for neutral atmospheres. Duynkereke (1988) suggested another
model that also included alterations to the TKE dissipation, e, this time the effects of
non-neutral stratification were contemplated. After that Apsley and Castro (1997) sug-
gested limiting the mixing length in the k-e model and Xu and Taylor (1997) reduced
the importance of the highly experimental TKE dissipation equation by including the
mixing length as defined by Blackadar (1962), thus creating a hybrid model. Duynkerke
and Driedonks (1987) also suggested a model that made use of the k and e parameters
as well as the mixing length, but in their case using a formulation that accounted for
stability. Several of the previous authors had realized the need for an alteration of the
experimentally obtained constants required for the models and each had attempted in its
own way to improve them. Freedman and Jacobson (2002) made an extensive study to
these constants imposing theoretical limits and made some suggestions for their values.
Venayagamoorthy and Stretch (2010) suggested a dependence on the local stratification
for the Prandtl number, a parameter that is often set to a constant value.
Authors like Weng and Taylor (2003) or Holt and Raman (1988) used some of these
models under the aforementioned conditions to review their accuracy and have a better
understanding of their strengths and weaknesses. In recent years there has been an
increase in joint efforts at developing an appropriate model for the ABL. This requires
not only the models themselves but also observations with which to compare them. The
GEWEX Atmospheric Boundary Layer Study (GABLS; GEWEX stands for the Global
Energy and Water Cycle Experiment) projects were an effort to provide adequate data to
test and benchmark ABL models. Since 2003 three phases were carried out. The GABLS1
consisted in the comparison of several single column models with the data provided by
the generally more accurate but time-consuming large-eddy simulation (LES). These
LES results were averaged and compared by Beare et al. (2006). Several single column
model results were afterwards analyzed in Cuxart et al. (2006). For the GABLS2 data
from the CASES-99 dataset consisting of extensive field-measurements of the ABL were
used for the intercomparison. The data focused on two full diurnal cycles and the initial
and boundary conditions for the computational flow solvers were established based on
the observations. GABLS3 was again based on field measurements for a diurnal cycle,
but the focus was on the prediction of both ABL and ground-surface thermal dynamics.
This represents a further level of complexity as it requires the coupling of an atmospheric
flow solver with a land-soil model to effectively predict the surface fluxes of momentum,
energy and moisture.
The purpose of the present work was the development of a single-column ABL
solver, i.e. a 1D model to solve for the vertical profiles of the relevant quantities. Such a
model was then used for the testing of turbulence parameterizations, common to both
geophysical and engineering fields. In the long term such code will allow for the analy-
sis and development of parameterizations for the real ABL under conditions of thermal
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stratification and Coriolis acceleration.
This thesis is divided into six parts. This first chapter explains the state of the art and
the main objectives. In chapter two the governing equations are explained alongside the
main turbulence models. Chapter three explains how the equations were discretized
and solved. The fourth chapter deals with the neutral atmosphere. The models are
first presented, results for steady-state and transient simulations are presented and af-
terwards analyzed. The effect of stratification is then investigated. Chapter five follows
an analogous structure but for stable stratification. The last chapter presents the conclu-
sions.
4
5Chapter 2
Governing Equations
In this chapter the fundamental equations and mathematical models are presented.
2.1 Fundamental Conservation Laws
The continuity equation ensures the conservation of mass,
∂ρ
∂t
+∇ · (ρ~v) = 0 . (2.1)
Since the problem at hand is horizontally homogeneous, meaning that its conditions do
not change with the four cardinal directions, the derivatives of velocities and densities
in x and y are zero. Furthermore it shall be assumed that the average vertical wind
speed (subsidence) is negligible. With these considerations in mind one can look at the
continuity equation and realize that there is no variation of density over time,
∂ρ
∂t
+
 
 
 
0
∂ρvx
∂x
+
 
 
 
0
∂ρvy
∂y
+
∂ρ>
0
vz
∂z
= 0 , (2.2)
or vice versa the variation of density over time can be disregarded which results in a
negligible subsidence.
For future reference the material derivative of a volume element is given as follows:
ρ
D~v
Dt
= ρ
[
∂~v
∂t
+ vx
∂~v
∂x
+ vy
∂~v
∂y
+ vz
∂~v
∂z
]
⇒ ρD~v
Dt
= ρ
∂~v
∂t
+ ρ(~v · ∇)~v . (2.3)
Now the continuity equation may be manipulated and, being equivalent to zero, added
to the material derivative,
ρ
D~v
Dt
= ρ
D~v
Dt
+~v
[
∂ρ
∂t
+ ρ(∇ ·~v) +~v · (∇ρ)
]
=
∂~vρ
∂t
+∇ · (ρ~v⊗~v) . (2.4)
Currently only the x and y directions are of interest and since ρ does not vary parallel
to the ground the equations can be simplified even further so that the following is true
for the first two vector components:
D~v
Dt
=
∂~v
∂t
+∇ · (~v⊗~v) . (2.5)
6 2.1. Fundamental Conservation Laws
2.1.1 Momentum Balance
If Newton’s second law of motion is applied to a small parcel of air with a mass δm and
an acceleration D~v/Dt the resultant forces applied to it are,
δ~F = δm
D~v
Dt
. (2.6)
It is now possible to apply this law to a small control volume with sides δxδyδz fixed in
space if the momentum entering through its faces is taken into account. In that case the
mass is defined as,
δm = ρ δV = ρ δxδyδz . (2.7)
The acceleration will include a convective term so that the general equation becomes,
δ~F = ρ
D~v
Dt
δxδyδz . (2.8)
2.1.2 Sum of Forces
As for the first term on equation (2.8), δ~F is a sum of several forces. Only the x and
y directions will be considered since there is no need to calculate the vertical wind
speed component that is zero. Gravity will be considered to ensure universality. The
first term is due to the pressure gradient that has a resultant force perpendicular to the
faces of the control volume so that the resultant force in the direction of x is given by
−∂p/∂x δxδyδz .
Applying the same line of thought for the other coordinates the following equations
for the pressure forces are obtained,
δ~Fp = −∇p δxδyδz . (2.9)
The second component of δF to be taken into account is a result of the viscosity of the
fluid. In this case it will be assumed that the pressure gradients are not strong enough so
as to require a compressible viscosity model. The stress tensor is given by the following
expression as first derived by Stokes in 1845 (Acheson, 1990):
T = µ[∇~v + (∇~v)T]− 2/3 µ:= 0(∇ ·~v)I . (2.10)
Having assumed incompressibility and a constant dynamic viscosity the resultant forces
due to friction in each direction are written as
δFt = ∇ · T δxδyδz . (2.11)
For this case in particular and most cases related to meteorology there is yet another
force that has to be taken into account upon the elaboration of the fundamental equa-
tions. The Coriolis force that acts on every moving particle inside a rotating system, e.g.
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the earth. Following Arya (2001), the vertical component of this force is much smaller
than the buoyancy forces and those resulting from the pressure gradient. The horizontal
component, however, cannot be overlooked. If a vector ~f is defined with one component
in z as f = 2Ω sin φ
′
, being Ω the earth’s rotational speed and φ
′
the latitude of the
region being studied, the Coriolis force acting on a small volume of fluid can be defined
as
δFc = ρ (~v× ~f ) δxδyδz . (2.12)
2.1.3 Geostrophic Wind and the Pressure Gradient
By summing all of the external forces including gravity, equaling them to the inertial
term and then dividing by the volume δxδyδz, the Navier-Stokes equations (NSE) with
the Coriolis term are obtained (Acheson, 1990),
ρ
D~v
Dt
= −∇p + ρ (~v× ~f ) +∇ · T+ ρ~g (2.13)
It is important to define the concept of geostrophic wind. Outside of the ABL where
there are no surface effects and therefore no shearing stress the Coriolis force will equal
the force generated by the pressure gradient. When this happens the wind is said to be
geostrophic with a speed ~G, so that
ρ(~G× ~f ) = ∇p . (2.14)
If the assumption of a barotropic atmosphere is made, then the pressure gradient does
not change with height, which means that this relation is valid for the whole ABL. Being
so, it can be substituted into the NSE to give, after some mathematical manipulation,
ρ
D~v
Dt
= ρ (~v− ~G)× ~f +∇ · T+ ρ~g . (2.15)
This relation between the Coriolis force and the pressure gradient can also be interpreted
graphically from the balance of the external forces applied to the control volume.
Figure 2.1: Balance of external forces for the ABL: Left to right; on the ground, in the
center of the ABL, above the ABL.
It is important to remember that this last step was made assuming no inertial forces for
the balance of the geostrophic wind. This is not entirely true if the geostrophic wind is
changing but nonetheless acceptable and greatly simplifies the equations by removing
the necessity of a further equation for the pressure. The pressure distribution is thus
given in terms of velocity. By choosing a constant ~G a pressure gradient that is constant
with height will be created. The equations are valid for a barotropic atmosphere only.
8 2.2. Reynolds Averaging
2.1.4 Heat Balance
The First Law of Thermodynamics can be applied to the control volume to yield an
equation for the temperature. In this case like in many others related to meteorology an
alternative variable to the temperature will be used, namely the potential temperature.
This is the temperature that an air parcel would have if it were brought down adiabat-
ically to the reference pressure of 1000 mbar. Being so, an adiabatic atmosphere would
have a constant potential temperature which simplifies the equations and removes the
need to account for the vertical pressure variation in the terms involving this new vari-
able. Following Arya (2001) its definition is:
θ = T ·
(
p00
p
)R/cp
, (2.16)
being R the specific gas constant, cp the specific heat at constant pressure and p00 =
105 Pa as the pressure at sea level. For the dry air case the small change of cp with
temperature or pressure does not require any special treatment and is assumed constant.
Since the effect of moisture in the boundary-layer will not be considered, a simplification
that does not reflect the more common situation in the ABL but that still allows for a
study of several phenomena and variables in it, the potential temperature is enough to
describe the thermodynamic state of the air and the virtual potential temperature which
would include the influence of moisture is not required. The pressure can be obtained
from its hydrostatic relation.
A general balance of heat fluxes in the control volume can be written as Stull (1988),
ρcp
∂θ
∂t
+ ρcp~v · ∇θ = ∇ · (Γh∇θ) + R + L , (2.17)
where Γh is the thermal conductivity. The first term accounts for the storage of heat over
time, the second is due to the mass flux into and out of the control volume, the third
term stands for the effect of conduction, prior measurement data has shown that this
can be neglected (Stull, 1988) as well as the last two components, R and L, respectively
the radiation and latent heat. Radiation is small when compared to the effects of mixing
and turbulence (it may become important if clouds are present). As for the latent heat it
corresponds to the energy released by evaporation or condensation being zero if these
do not occur. The conduction is equally negligible when compared to the other heat
transfer modes except near the ground where molecular transfer of both momentum
and heat become significant.
With these simplifications the First Law can be rewritten as,
∂θ
∂t
= −~v · ∇θ . (2.18)
2.2 Reynolds Averaging
Although the equations that were deduced in the previous section are enough to de-
scribe the phenomenon accurately, it is necessary to account for turbulence in a way that
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allows these equations to be solved numerically. This will be achieved by the Reynolds
decomposition in which the variables are divided into an instantaneous average and a
fluctuation.
~v = ~v + ~v′ ρ = ρ+ ρ′ θ = θ + θ′ (2.19)
As for the fluctuation of ρ the Boussinesq hypothesis is used so that it is only relevant
when associated with gravity. However, since the only relevant equations are in the
x and y direction such is unimportant, except for some parameterizations regarding
turbulence production that will be presented later on.
In geophysical flows, given the impossibility of repeating measurements, the average
quantities are defined as temporal averages. Mathematically this is defined as
φ =
1
T
∫
T
φ(t) dt . (2.20)
Beginning with the inertial term of the NSE – the material derivative, defined in equation
(2.5) – equation (2.19) is substituted into it and one obtains
ρ
D~v
Dt
≡ ρ
[
∂(~v + ~v′)
∂t
+∇ · (~v⊗~v) +∇ · (~v⊗ ~v′) +∇ · (~v′ ⊗~v) +∇ · (~v′ ⊗ ~v′)
]
(2.21)
Now the average is taken on both sides while minding that the average of the fluctua-
tions is zero and the average of an average remains unchanged.
ρ
D~v
Dt
≡ ρ
[
∂~v
∂t
+∇ · (~v⊗~v) +∇ · (~v′ ⊗ ~v′)
]
(2.22)
Looking at the viscosity term from (2.15) and applying the same process,
∇ · µ[∇~v + (∇~v)T] = ∇ · µ[∇~v + (∇~v)T] (2.23)
This happens because the fluctuation terms are isolated when their gradient is taken
and therefore vanish when averaged. Doing the same for all other terms in the NSE, the
following Reynolds averaged NSE can be derived,
ρ
[
∂~v
∂t
+∇ · (~v⊗~v) +∇ · (~v′ ⊗ ~v′)
]
= ρ(~v− ~G)× ~f +∇ · µ[∇~v+ (∇~v)T] + ρ~g (2.24)
Even though the effects of molecular viscosity are very small when compared to those
of turbulent viscosity so that they could be neglected, they are still accounted for in
the Reynolds stresses (v′iv
′
j) for numerical stability. With the assumptions of horizontal
homogeneity and no subsidence the equation in the x direction is
∂vx
∂t
= f (vy − Gy)− ∂
∂z
v′xv′z (2.25)
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and similarly in the y direction
∂vy
∂t
= − f (vx − Gx)− ∂
∂z
v′yv′z (2.26)
A very similar manipulation is done to the heat equation. By making the Reynolds
decomposition and then taking the average equation (2.18) is further manipulated with
the continuity equation to give,
∂θ
∂t
= −∂θ
′v′z
∂z
. (2.27)
Turbulent motions are part of the nature of atmospheric flows and Reynolds averaging
allows these motions to be linked with the covariances of wind velocity and temperature.
To solve such a flow, the question becomes on how these covariances can be computed,
so that the set of equations becomes closed.
2.3 Turbulence Modelling
Given the large length scales on the order of hundreds of meters involved in the ABL
associated with the velocity scales of around ten meters per second a quick analysis
leads to quite large Reynolds numbers on the order of 50× 106. This indicates that the
effects of viscosity are small compared to the momentum of the fluid which is usually
associated with turbulent flows. Many measurements have indeed shown that the ABL
is strongly influenced by turbulent effects, so much so, that the molecular viscosity
and conduction are negligible compared to the heat or momentum transfer through
turbulence (Stull, 1988).
The equations developed previously regarding the balance of momentum and heat
transfer already took this into account, however they are not enough to totally describe
the problem since the covariances v′iv
′
j or v
′
zθ
′ are not known variables. In order to un-
derstand how these can be modeled a good understanding of the turbulent phenomena
is required and many models have been suggested to solve for these variables. Some
models introduce new variables as higher order covariances of the type vivjvk and these
too require modeling which leads to an apparently endless set of equations to solve
the problem of turbulence. Usually the problem is truncated by parameterization of
higher order variables, but this approximation requires measurements for the determi-
nation of certain constants, exponentials or other unknowns and in certain cases where
these are not mensurable the values that yielded the best results are chosen. These ap-
proximations lack any physical meaning and may result in a lack of accuracy, which is
why higher order models that use more physical models and parameterizations only on
higher order variables are usually better. The downside is the need to solve more equa-
tions, often differential, which leads to a higher demand on computational resources
(Stull, 1988).
2.3.1 k-e model
A common model of turbulence is the k-e model that requires two equations, one for
the turbulent kinetic energy (TKE represented here by k as is typical in mechanical
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engineering applications although E is often used in meteorology) and another for the
dissipation of TKE, e.
One may achieve an intuitive understanding of this model by imagining a particle of
fluid that is displaced by z′ due to a turbulent fluctuation while at a temperature θ. If
so it will enter the volume at z + z′, where z was its initial position, with a temperature
that is warmer than the previous temperature of that control volume by z′ ∂θ/∂z. Then
it is safe to assume that the temperature fluctuation was θ′ = z′ ∂θ/∂z. As for the
difference in velocity with which the particle enters the volume it will be proportional
to the difference between the speed it had at its initial position and the speed of the
volume observed or z′ ∂|~v|/∂z. The proportionality constant will be named c so that
v′z = c z′ ∂|~v|/∂z.
By multiplying the two and taking an average v′zθ′ = c z′2 ∂|~v|/∂z ∂θ/∂z can be writ-
ten. It is obvious from this expression that the transfer of heat will be along the temper-
ature gradient and proportional to a factor that includes the velocity gradient and some
unknown variables. This expression is thus analogous to the one of molecular viscosity
and so a parameter for the turbulent viscosity is created, νh. It is important to remember
that this one is not a property of the fluid but of the flow since it depends on variables
that are not easily determined as shown in the above expression. This turbulent vis-
cosity can be different for different types of transfer be it momentum or heat transfer.
Bearing these considerations in mind the following can be written for the second order
momenta
v′xv′z = −νt
∂vx
∂z
, (2.28)
v′yv′z = −νt
∂vy
∂z
, (2.29)
θ′v′z = −νh
∂θ
∂z
. (2.30)
Usually a relation νt/νh = Pr is defined and can be held constant or dependent on flow
characteristics. As is common in this closure problem the three unknown variables were
replaced by new unknown variables.
This solution seems to agree with the physical nature of turbulence, however it relies
on the simplification that the vortexes are small enough that the difference in a certain
quantity is described correctly by the multiplication of their length by the derivative
of this same quantity along the vertical axis. This is true only if the derivative does
not change over the height of the vortex which is not entirely true for big vortexes as
those caused by thermals. This means that the model will not describe the physics
correctly under certain circumstances, such as strong instability, which may lead to odd
parameterizations, e.g. a negative turbulent viscosity.
In order to determine the turbulent viscosity of the flow the definition of the Kol-
mogorov scales becomes very useful. Kolmogorov suggested that at very small scales
where the dissipation of the TKE takes place turbulence is isotropic because at this
level there have already been multiple vortex breakdowns so that the preferred flow
directions from the larger scales have little impact. The Kolmogorov velocity scale is
thus defined as vkolmogorov = ν0.25t e
0.25 and depends on the energy that crosses the small
scales which is then dissipated e and the turbulent viscosity νt (Arya, 2001; Detering
and Etling, 1985).
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As for the TKE it can be defined as
k =
1
2
(v′x v′x + v′y v′y + v′z v′z). (2.31)
So it is safe to assume that for an isotropic situation the TKE will be proportional to the
square of the velocity fluctuations which are themselves proportional to the Kolmogorov
velocity scale. After some algebraic manipulation this means that,
νt = ck
k2
e
, (2.32)
so a problem that once required a solution for the turbulent viscosity which was a vague
parameter dependent on too many conditions now requires that the TKE and the TKE
dissipation e be discovered. The proportionality constant ck like many other constants
that are required for this model of turbulence is obtained through a mixture of physical
relations, experimentation and ’computer optimization’ as described in Detering and
Etling (1985).
The TKE, can be calculated through a differential equation that equals its material
derivative
Dk
Dt
= ∇ · ( νt
σk
∇k)+ IP− e (2.33)
to an energy diffusion term, a production term and the dissipation term (Pope, 2000).
σk is the turbulent Prandtl number and is usually equal to one so that the first term is
known. The production term includes the effects of mechanical shear, for the current
case,
IPm = −v′xv′z
∂vx
∂z
− v′yv′z
∂vy
∂z
(2.34)
and the effect of buoyancy, whose importance depends on the differences in density,
that are replaced by temperature relations known from basic thermodynamics,
IPh =
g
θr
v′zθ′ , (2.35)
where θr is a reference temperature (Stull, 1988). This term is well defined, therefore the
only unknown is the dissipation e.
The last remaining unknown requires yet another differential equation, this one of a
much more empirical nature (Pope, 2000),
De
Dt
= ∇ · ( νt
σe
∇e)+ Ce1 IPek − Ce2 e2k , (2.36)
where the constants vary depending on the authors and flow conditions.
For this case it may be advantageous to divide the production term in two parts with
different constants for the buoyancy and shear components as described in Stull (1988)
∂e
∂t
= − ∂
∂z
( νt
σe
∂e
∂z
)
+ Ce1m
e
k
IPm + Ce1h
e
k
IPh − Ce2 e
2
k
(2.37)
in a simplified form adapted to the current case.
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Table 2.1: Parameterization constants according to several authors.
Author Ce1m Ce1h Ce2 σe σk ck
Kitada (1987) 1.44 1.44 (0 if stable) 1.92 1.3 1.0 0.09
Beljaars et al. (1987) 1.44 0 1.92 1.85 1.0 0.032
Duynkereke (1988) 1.46 1.46 (0 if stable) 1.83 2.38 1.0 0.033
Detering and Etling (1985) 48.21 | f |u∗
k3/2
e 0 1.9 1.30 0.74 0.026
Freedman and Jacobson (2002) 1.06 to 1.44 0 1.92 1.1 0.6 0.028 to 0.09
Note: u∗ is the friction velocity and is defined in Section 2.4.1.
Values for all these constants have been given by several authors and there appears
to be, as of yet, no indication of a certain model that would give good results for any
situation.
In 1987 Kitada successfully used the model suggested by Rodi (1984) to simulate the
sea breeze in a coastal region in two dimensions. He only took the production term
IPh associated with buoyancy if the term was positive, which means that in case of a
stable ABL it would have no effect. Only if it was responsible for the production of
the dissipation of TKE would it be accounted for. The values for the constants used by
Kitada (1987) are summarized in Table 2.1 alongside other authors.
On the same year Beljaars et al. (1987) presented a three dimensional model for rough
terrain based on several sources. This article took into account that the atmosphere is
quite different from the common cases of mechanical engineering to which the k-e model
is usually applied and so used a value of ck different from the standard model. The
value of Ce2 can be measured from the decay of isotropic turbulence and is therefore
very similar for all authors. The article then used a relation from the original model
from Jones and Launder (1972), where
Ce2 − Ce1 = κ
2
ck · σe (2.38)
and by setting the value for σk equal to one - meaning that the turbulent energy and
the momentum have the same viscosity - and the value of Ce1 equal to the one found
elsewhere (Pope, 2000) for typical applications of mechanical engineering, Beljaars et al.
arrived at the presented constants. It is important to notice that this article analyzed the
neutrally stratified ABL only and therefore paid no attention to the buoyancy term.
A one dimensional model was presented on another journal on the same year by
Duynkereke (1988). This author also used a different value for ck close to the one em-
ployed by Beljaars et al. (1987) whereas Ce2 strays slightly from the two previously men-
tioned authors. This is probably due to acceptable discrepancies in its measurement.
As for Ce1 a different value was chosen and making use of the same relation as Beljaars
et al. (1987) the value of σe is consequently also different. Much like Kitada (1987) this
author also set the buoyancy term equal to zero in case it was negative.
Before any of these articles had been published Detering and Etling (1985) suggested
an alteration to the TKE dissipation equation. They altered the production term by
including the Coriolis effect in a characteristic length. This alteration can be seen as a
mere change of the Ce1 constant that is dependent on several variables. Their model
yielded good results while keeping the other constants similar to the ones used for the
standard models. It may be argued that this suggestion is arbitrary, however like many
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other parameterizations these will always be simplifications of a much too complex
problem like the TKE diffusion equation itself.
More recently Freedman and Jacobson (2002) made an extensive study of all the
constants used in the k and e equations. They based their findings on a theoretical
analysis through which a range of physically acceptable values was found and then by
fine tuning the parameters to a DNS simulation with conditions from the CASES 99
measurements. Their objective was to obtain a set of constants that would not lead to
an ever increasing viscosity with height in the neutral case as regularly happened to the
previously mentioned authors. There is no certainty regarding the value of ck but once
set ce1 is derived from equation (2.38).
2.3.2 k-` model
When applied to the atmosphere the previous model often leads to results that are not
in agreement with observations. One reason for this is because the TKE dissipation is
not strong enough away from the ground which leads to a high TKE and an error in the
calculation of the diffusion νt (Freedman and Jacobson, 2002).
Although several attempts have been made towards altering certain parameters or
whole terms of the e equation (Xu and Taylor, 1997) the accuracy of the previous model
still has room for improvement.
Instead of using a differential equation for the TKE dissipation an algebraic equa-
tion based on experimental data can be used to determine the turbulent length scale
`. This quantity can be seen as the mean path traversed by a particle of air affected by
a fluctuation. Being so, the difference between the horizontal velocity of an upwards
moved particle and its surroundings is ` ∂vi/∂z. If it is assumed that the fluctuations
are approximately equal in all directions, then the averaged product of two fluctua-
tions is v′zv′i = −` ∂|~v|/∂z ` ∂vi/∂z (Arya, 2001). This expression, when compared with
Newton’s viscosity law, leads to a turbulent viscosity equal to
νt = `
2 ∂|~v|
∂z
. (2.39)
Thus the model is closed except for an algebraic function defining the mixing length `.
Blackadar (1962) used experimental data from the atmosphere to deduce the following
expression,
` =
κz
1+ κzλ
, (2.40)
that is still widely used today for its accuracy (Xu and Taylor, 1997). The constant λ is the
maximum mixing length and can be determined as 2.7× 10−4 |~G|/| f | (Blackadar, 1962)
or as 6.3× 10−3 u∗/| f | (Blackadar, 1965) with u∗ being the friction velocity. While the
second was an improvement on the first, the first version has seen a wider application.
However, the accuracy of the model can be further increased if the TKE equation
is added. The equation for the turbulent viscosity can be seen as the product of a
characteristic length, in this case the mixing length, and a characteristic velocity u`, in
this case ` ∂|~v|/∂z. If so then some assumptions can be made regarding this last quantity.
By using the tubulent velocity scale defined as the square root of the TKE (Arya, 2001)
and assuming that u` is related to the turbulent velocity scale in a linear manner, it can
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be shown (Detering and Etling, 1985) that the proportionality constant is equal to c1/4k ,
so that
νt = ` c1/4k k
1/2 . (2.41)
From this one and equation (2.32) the relation for the TKE dissipation,
e =
c3/4k k
3/2
`
(2.42)
can be deduced thereby closing the differential equation for the TKE. It is debatable
whether the length scale for the TKE diffusion is in fact the same as for the turbulent
viscosity (Weng and Taylor, 2003). This is the formulation for the one equation k-` model
for which, unlike in the previous model, only one differential equation has to be solved
in order to obtain the turbulent viscosity. Some models do not rely solely on ` or on
e but make use of the two simultaneously, thus exploiting the adaptability of the first
model and the accuracy of the second model.
2.4 Stability
2.4.1 Surface Layer
Due to its accessibility and relevance for human activities the lowest part of the atmo-
sphere, the surface layer (SL), has received significant interest from the geophysical and
engineering communities. Data for this region is more abundant which allowed for sev-
eral parameterizations. These are especially important for turbulence models like the
k-e, since one of its weak points is precisely the prediction of quantities near the walls
which may in turn spread inaccuracies to the center of the domain.
A well known relation for the behaviour of a flow near a wall is given by the log-
arithmic profile law, which can be deduced from similarity theory assuming that the
momentum flux is constant in this region. If so the only relevant quantities are the fric-
tion velocity, u∗ =
√
τ0/ρ, and the height z, being τ0 the shear stress close to the wall.
Under these conditions, the velocity gradient is given by (Arya, 2001)
z
u∗
∂|~v|
∂z
=
1
κ
, (2.43)
where κ is a constant obtained from experimental data and that is given a value of 0.4
in this work as by most authors in the past few years; e.g. Detering and Etling (1985),
Apsley and Castro (1997) or Freedman and Jacobson (2002).
This expression however is not enough to describe the stable or unstable surface
layer since the heat flux leads to differences in the wind speed profile.
In order to account for this the Monin-Obukhov similarity theory (MOST) introduces
two new variables. The kinematic heat flux v′zθ′0 and a buoyancy variable g/θ0 where
θ0 is a reference temperature for the SL. With the assumption that these four variables
are enough to define the phenomena in the SL a stability parameter,
ζ =
z
L , (2.44)
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is deduced where the characteristic Obukhov length is given by (Arya, 2001)
L = u
2∗ θ0
κ g θ∗
. (2.45)
From these parameters a correction to the logarithmic profile law can be deduced for
both the temperature and velocity gradients. A general formulation adopted by Dyer
(1974) describes several models,
φm (ζ) =
κ z
u∗
∂|v|
∂z
=
{
(1− βmu ζ)−
1
4 , for ζ < 0,
1+ βms ζ , for ζ ≥ 0,
(2.46)
φh (ζ) =
κ z
Prn θ∗
∂θ
∂z
=
(1− βhu ζ)
− 12 , for ζ < 0,
1+
βhs
Prn
ζ , for ζ ≥ 0, (2.47)
where the newly introduced φm and φh are obtained from fittings to experimental data
and thus have different β constants depending on the author.
The solution given by Ho¨gstro¨m (1988) will be used in all parmameterizations for
the SL so that
βmu = 19.3 ; βhu = 11.6 ; βms = 4.8 ; βhs = 8 ; Prn = 0.95 . (2.48)
In order to obtain the wind speed and temperatures in the surface layer the previous
equations have to be integrated to give
|~v| = u∗
κ
[
ln
(
z
zm0
)
− ψm(ζ) + ψm
( zm0
z
ζ
)]
, (2.49)
∆θ =
Prn θ∗
κ
[
ln
(
z
zh0
)
− ψh(ζ) + ψh
( zh0
z
ζ
)]
, (2.50)
as described in Veiga Rodrigues et al. (2016). The integration constants zm0 and zh0
can be obtained from measurements to the SL, being then representative of the surface
roughness height. The functions ψm and ψh result from the integration of the φm,h
functions so that
ψm (ζ) =

ln
(
[1+ η2][1+ η]2
8
)
− 2 atan (η) + pi
2
, for ζ < 0,
−βms ζ, for ζ ≥ 0,
(2.51)
ψh (ζ) =

2 ln
(
1+ χ
2
)
, for ζ < 0,
− βhs
Prn
ζ , for ζ ≥ 0,
(2.52)
with η = (1− βmu ζ)
1
4 and χ = (1− βhu ζ)
1
2 . From (2.49) and (2.50) the surface-layer
dimensionless variables for momentum and heat, u+ and θ+, are defined as
u+ =
|~v|
u∗
=
1
κ
[
ln
(
z
zm0
)
− ψm(ζ) + ψm
( zm0
z
ζ
)]
, (2.53)
θ+ =
∆θ
θ∗
=
Prn
κ
[
ln
(
z
zh0
)
− ψh(ζ) + ψh
( zh0
z
ζ
)]
. (2.54)
Other parameterizations or sets of constants for the surface layer exist; e.g. Dyer (1974)
or Ho¨gstro¨m (1988).
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2.4.2 Atmospheric Boundary Layer
In the bulk of the ABL the SL relationships have no real meaning and therefore another
parameter for stability is required. A relation between buoyancy forces, represented by
the Brunt-Va¨isa¨la¨ frequency N =
√
g/θ ∂θ/∂z, and shear, represented by the velocity
gradient, is given by the Richardson number defined as (Arya, 2001)
Ri =
N2
|∂~v/∂z|2 =
g
θr
∂θ
∂z
∣∣∣∂~v
∂z
∣∣∣−2 , (2.55)
where the potential temperature in the denominator is approximated by the reference
potential temperature. This is a valid assumption if it is chosen appropriately so as not
to differ too greatly from the temperatures in the atmosphere.
If the Brunt-Va¨isa¨la¨ frequency is very high when compared to the velocity gradient
this means that the destruction of TKE due to the buoyancy term is also high compared
to its production caused by mechanical shear. In this case the turbulence will even-
tually be suppressed which would lead to a nonexistent turbulent viscosity. In cases
like this a state of intermittent turbulence can be observed in the atmosphere and the
turbulent viscosity is no longer correctly described by equation (2.32). This only hap-
pens for strong stratification when the Richardson number approaches its critical value
somewhere between 0.2 to 0.5 (Arya, 2001).
Another parameter of interest is the relation between TKE buoyant and mechanical
production terms. The flux Richardson number is defined as
Rf =
−IPh
IPm
=
N2
Pr |∂~v/∂z|2 . (2.56)
18 2.4. Stability
19
Chapter 3
Computational Implementation
Since no analytic solution is known for the set of equations previously presented describing
turbulent and averaged quantities, a discretization of the differential formulation is needed so that
it may afterwards be solved by a computer. Because the geometry of the problem is very simple
the Finite Difference method was chosen which allows for an easy and effective implementation.
Due to the particular formulation used the conservation equation is ensured.
A solution for a general transport equation will be explained and the particular solutions for
the momentum, temperature, k and e will be presented afterwards. It will be obvious that these
can all be treated similarly.
A general transport equation
∂φ
∂t
=
∂
∂z
(
Γ
∂φ
∂z
) + S (3.1)
will be used as example to briefly describe the numerical techniques employed in this
work. In it, φ is the field variable being solved, Γ is the diffusion coefficient and S is a
term used to represent any source, sink, momentum, body force or any similar quantity.
3.1 Meshing
The domain is first divided into several cells in whose center the values of all rele-
vant properties are stored to be used for calculations. Since all gradients are gen-
erally strongest near the wall a tighter mesh is used in this region which becomes
gradually wider with increasing height. A geometric progression was used to de-
fine the cell heights. By using a common mesh factor fm, an arbitrary cell will have
(zti − zbi) = (zt0 − zb0) f im, where i is the node index and t or b represent the top or
bottom face. Using the Newton-Raphson method a value for fm is calculated that sat-
isfies the conditions of the bottom cell height and total domain height. For the total
height the Obukhov length can be used as a reference so as to guarantee sufficient room
for the development of the whole profile. After analyzing several results a total of 50
nodes where chosen as the best compromise between computation time and accuracy
for all simulations unless stated otherwise. The reasons for this choice are explained in
Appendix A.
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3.2 First Spatial Derivative
The first derivative appears in the production terms of the TKE and its dissipation, the
diffusion terms will get a different approach from the one subsequently described. A
three point interpolation is used to approximate a given quantity, φ, as a continuous
polynomial. Since the polynomial has an analytic derivative the problem is solved. The
derivative in a certain node is thus a function of the node itself and the ones directly
next to it. If the polynomial used is the simple Lagrange polynomial for a three point
interpolation its derivative can be written as
∂φ
∂z
= φB
2z− zT − zP
(zB − zT)(zB − zP) + φP
2z− zT − zB
(zP − zT)(zP − zB) + φT
2z− zP − zB
(zT − zP)(zT − zB) (3.2)
where T, B and P stand for the top, bottom and central nodes respectively. For the
current case the derivatives will be evaluated at the nodes. In order to simplify the
implementation three vectors dzct, dzcb and dzcp are defined such that
∂φ
∂z P
= φB dzcb + φP dzcp + φT dzct. (3.3)
3.3 Time Derivative
Since the material derivatives are entirely reduced to their time derivative the calculation
for the node in question depends only on itself and not on any neighboring nodes.
However the previous instants will be relevant. For this case a simple second order
discretization was used that employs the two previous instants with indexes j− 1 and
j− 2 for one and two time steps before the current time j. The time steps, ∆t, are fixed
so that (Peric´ and Ferziger, 2002)
∂φ
∂t
=
3 φj − 4 φj−1 + φj−2
2∆t
. (3.4)
This scheme can be made implicit,
∂φ
∂t
= f (φ(t))⇒ 3 φj − 4 φj−1 + φj−2 = 2∆t f (φj) , (3.5)
thus requiring iterations to reach convergence before advancing to the next time step.
3.4 Diffusive Term
This term was treated with an approach that is similar to the finite-volume method
where the values of diffusivity and gradient are to be calculated at the cell faces through
interpolation and in this particular case a simple first order method was used for Γ
where
Γt =
zt − zP
zT − zP ΓP +
zT − zt
zT − zP ΓT (3.6)
and the value for the bottom face is the value of the top face from its bottom node. The
derivatives at the faces are simply given by ∆φ/∆z with the top and central nodes, in the
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case of the top face and analogously for the bottom face. This can be done because the
faces are precisely halfway between nodes. The same method is then used to calculate
the derivative of Γ · ∂φ/∂z but this time with the face values so that
∂
∂z
(
Γ
∂φ
∂z
)
⇒
(
Γ ∂φ∂z
)
t −
(
Γ ∂φ∂z
)
b
zt − zb . (3.7)
As was stated previously this is similar to the Finite Volume formulation. Integrating
the diffusion over the volume of a cell and making use of the Gauss theorem
Acell
∫ z2
z1
∂
∂z
(
Γ
∂φ
∂z
)
dz = Acell
[(
Γ
∂φ
∂z
)
t −
(
Γ
∂φ
∂z
)
b
]
(3.8)
and then dividing by the volume of the cell equation (3.7) is obtained.
3.5 Solver
In order to solve the transport equations for each node a matrix A is built such that,
when multiplied with the vector of the quantity in question, it will result in a source
vector~b. The matrix will thus contain all the coefficients that are to be multiplied with φ,
but since only first derivatives or diffusive terms are present across all equations only the
values of the neighboring nodes and the central node itself are required, which results
in a banded matrix with a top (~aT), bottom (~aB) and central (~aP) diagonal. The coefficient
of φP from its time derivative will also be added to the central band of the matrix. The
source vector will contain all explicit terms. These may depend on the values of φ from
a previous iteration but will tend to a fixed value on convergence. Undoubtedly the
upper and lower bands have a smaller size than the central one due to the corners. This
can be solved by adding the excess coefficients to the central band as
aB1 + aP1 aT1 0 0 . . .
aB2 aP2 aT2 0 . . .
. . . . . . . . . . . . . . .
. . . 0 aB(n−2) aP(n−2) aT(n−2)
. . . 0 0 aB(n−1) aP(n−1) + aT(n−1)
 ·

φ1
φ2
...
φn−2
φn−1
 =

b1
b2
...
bn−2
bn−1
 , (3.9)
which is in accordance with a zero gradient at the boundaries. This is the Neumann
boundary condition (Peric´ and Ferziger, 2002) and will be imposed if no other is present.
In order to solve this equation system an optimized solver for banded matrices was used.
When creating the matrices it is preferable to have a diagonally dominant one where the
central band has a higher value than the sum of all other coefficients on that same line.
This ensures that the matrix will converge (Peric´ and Ferziger, 2002).
Another typical boundary condition, the Dirichlet condition, prescribes φ at the top
and bottom boundaries by sending the top coefficient of the last line to the source term
multiplied by its corresponding quantity φn and vice-versa for the first line so that
aP1 aT1 0 0 . . .
aB2 aP2 aT2 0 . . .
. . . . . . . . . . . . . . .
. . . 0 aB(n−2) aP(n−2) aT(n−2)
. . . 0 0 aB(n−1) aP(n−1)
 ·

φ1
φ2
...
φn−2
φn−1
 =

b1 − aB1φ0
b2
...
bn−2
bn−1 − aT(n−1)φn
 , (3.10)
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which makes it useful for guaranteeing a geostrophic velocity at the top node for exam-
ple.
3.6 Momentum
The momentum equations (2.25), (2.26) can be rewritten as
∂vx
∂t
= f (vy − Gy) + ∂
∂z
(
(νt + νmol)
∂vx
∂z
)
, (3.11)
∂vy
∂t
= − f (vx − Gx) + ∂
∂z
(
(νt + νmol)
∂vy
∂z
)
, (3.12)
where the first term on the right-hand side of the equations represents the difference
between the Coriolis and pressure force, whose treatment was made explicit. The source
vector ~b will also include the past velocities from the time derivative. While the x and
y equations are solved separately, with this formulation the matrix A is the same for x
and y components of velocity, thus only one matrix is required. On the other hand the
source term requires different vectors for each due to the different components of the
geostrophic wind speed and the direction of the Coriolis force. Although the molecular
viscosity is not relevant when compared to the turbulent one it is still preserved in the
equations for numerical stability.
The top boundary is treated with a simple Dirichlet condition where the geostrophic
wind speed is enforced. The bottom node has a prescribed shear stress on its lower face
given by relations from the surface layer so that its momentum equation in x becomes
∂vx
∂t
− f (vy − Gy) = (νt
∂vx
∂z )t − u∗2
zt − zb (3.13)
and similarly in the other direction. With this condition the velocity at the boundary
node is no longer present so that the corresponding matrix coefficients are set to zero.
The velocity is known a priori to vanish at the surface so this value can be imposed after
the solver is applied. Using this sort of formulation increases accuracy since the velocity
profile is logarithmic and therefore its shear stress is better described by surface layer
relationships, u∗2, than the discretized gradient multiplied by the turbulent viscosity,
(νt
∂vx
∂z )b.
3.7 Turbulent Kinetic Energy
The previous section regarding the momentum equation still requires that the turbulent
viscosity be calculated, which, making use of the k-e relations, requires the TKE. From
equation (2.33)
∂k
∂t
=
∂
∂z
(( νt
σk
+ νmol
)∂k
∂z
)
+ νt
((∂vx
∂z
)2
+
(∂vy
∂z
)2)− νt
Pr
∂θ
∂z
g
θ0
− e , (3.14)
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that gets a very similar treatment to the momentum equation system for the first and
second terms. The third and fourth related to mechanical and buoyancy production
respectively are totally explicit requiring the velocity and temperature at each node.
The TKE dissipation, on the other hand, is treated implicitly thus increasing ~ap which is
beneficial for the solver. In order to achieve this the TKE diffusion is calculated locally
from the previous TKE and turbulent viscosity according to equation (2.32).
In order to avoid the complete destruction of TKE by the buoyancy term and know-
ing that the critical Richardson is no smaller than 0.2 the buoyancy term is limited to
20% of the shear production whenever the conditions are of local stability.
For the lower boundary the constant flux assumption valid for the SL is made, thus
the null gradient condition is enforced. The top is treated with a Dirichlet boundary
condition in the solver after which the last node is equaled to the penultimate.
3.8 TKE dissipation
Making use of the already calculated and unchanged values of the mechanical and
buoyant production of TKE there is no need to recalculate them for the dissipation.
Recalling equation (2.36)
∂e
∂t
= − ∂
∂z
( νt
σe
∂e
∂z
)
+ Ce1m
e
k
IPm + Ce1h
e
k
IPh − Ce2 e
2
k
, (3.15)
the Production terms can be treated either explicitly by using e from the previous iter-
ation or implicitly, however the implicit formulation could lead to a less stable matrix
i.e. depending on their sign, since these terms would have to be subtracted from the
main diagonal, it could cease to be diagonally dominant and promote divergence. The
explicit formulation was therefore chosen whenever possible, however, instead of using
the lastly calculated value of TKE diffusion the ratio e/k is estimated from the newest
values of viscosity and TKE making use of (2.32) so that the production of TKE dissipa-
tion becomes
Ce1
ckk
νt
IP . (3.16)
As for the quadratic term, representing the dissipation of the TKE dissipation, a fully
explicit or partially implicit formulation can be used. In the first case the coefficient
would be multiplied with the solution of the previous iteration and added to the source
term while simultaneously being subtracted from the matrix. In the second case, since
this term is negative, it will be added to the main diagonal so that the half implicit for-
mulation was chosen with a similar formulation to the one used for the production term
using the k-e relation in equation (2.32), where e is the one from the present iteration,
−Ce2 ckk
νt
e . (3.17)
Having defined the system of equations for the core of the matrix, the boundary condi-
tions are then applied. For the bottom a simple prescription of the TKE dissipation is
used from the surface layer relationships as Duynkereke (1988)
e =
u∗3
κz
[
φm − zL
]
(3.18)
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applied to the first node above the ground. The zeroth node is not relevant in this case
since, as will be shown later, the viscosity for the first and second nodes are prescribed
with relations different from the one for k-e used for the core, equation (2.32). Thus
there is no real use for the TKE dissipation at ground level, whose physical meaning
would be questionable in any case. As for the top of the domain a simple Dirichlet
boundary condition is used. After solving the matrix the last node is then equaled to
the penultimate one so as to ensure a zero gradient just like Weng and Taylor (2003).
3.9 Viscosity
Making use of the SL relations the lower boundary and the bottom node are treated
with
νt =
u∗ κz
φm
(3.19)
The value thus obtained for the first node then sets the lower limit for all other nodes.
3.10 Temperature
By substituting the second order momentum given by the the turbulence model into the
temperature equation (2.18) one obtains
∂θ
∂t
=
∂
∂z
[( νt
Pr
+ α
)∂θ
∂z
]
(3.20)
where α, the thermal diffusivity, is inserted for numerical stability playing a role similar
to the molecular viscosity in the momentum equation. The potential temperature is
then separated into a fixed reference θ0 and a perturbation temperature θˆ with the first
becoming a source term.
∂θˆ
∂t
=
∂
∂z
[( νt
Pr
+ α
)∂θ0
∂z
]
+
∂
∂z
[( νt
Pr
+ α
)∂θˆ
∂z
]
(3.21)
The diffusion for both the reference temperature and the perturbation temperature are
calculated as in the previous cases.
Similarly to the momentum equation the lower boundary is treated by prescribing
the heat flux on its bottom face as θ∗u∗. Assuming a constant flux surface layer and
employing the stability functions
[
(νt + α)
∂θ
∂z
]
t − u∗θ∗
zt − zb (3.22)
is used for the lower boundary diffusion. The upper node is treated with a Dirichlet
condition in the solver. The temperature at the upper boundary is then extrapolated
from the last and penultimate nodes at the end of every iteration.
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Chapter 4
Simulation of the
Neutrally-Stratified ABL
In the following chapter five models for the neutrally stratified ABL will be presented and their
results will be shown for simulations under two sets of conditions. The first is under a neutrally
stratified atmosphere for which the steady-state was achieved, the second analyses its evolution
over a period of 32 h.
4.1 Steady State
In 1931 an experiment undertaken by Mildner (1932) consisted in the measurement of
the velocities of 28 meteorological balloons launched in an airfield near Leipzig. The
original data was analyzed and reprinted in Lettau (1950). The area was plain and
grass-covered, a potential temperature lapse rate of 3.5oC/km was measured nearby,
the pressure gradient did not change with height and there were no signs of convection.
It is speculated that even though the wind came from the city nearby, its effect on turbu-
lence was negligible. Obviously these conditions are not those of a neutrally stratified
ABL, however the measurements have served as a reference for several authors wanting
to compare or tune models with reality (e.g. Detering and Etling (1985); Duynkereke
(1988)). This is because a truly neutrally stratified ABL is an idealized case that rarely
takes place in the real atmosphere for a sufficiently long period of time to deem it as a
steady-state flow.
Lettau (1950) also presented values for the surface shear stress, geostrophic wind
speed, 17.51 m/s, and the Coriolis parameter, 1.4× 10−4 s−1. From these and making
use of SL relations the friction velocity could be calculated as 0.65 m/s, which is a
value that was used by several authors (e.g. Detering and Etling (1985), Apsley and
Castro (1997)). The roughness length was presented by Detering and Etling (1985) as
being of 0.3 m. It is debatable whether this vale is accurate or not, since according to
the description of Lettau (1950) regarding the experiment the ground was an airfield
near the city of Leipzig with little vegetation. According to a diagram from the Royal
Aeronautical Society (1973) printed in Arya (2001) the roughness height for such a region
should be around 0.01 m. Furthermore by applying the logarithmic profile law to the
first measurement at a height of 50 m the roughness height can be estimated at 0.01 m.
Whether this height is beyond the surface layer where the logarithmic profile law is no
longer valid is uncertain.
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The Rossby-number similarity theory valid for a neutral ABL states that the charac-
teristic height h = u∗/| f | is proportional to the ABL depth. It can then be shown that
the Rossby number, Ro = |~G|| f |/z0, guarantees, within the assumptions made for this
simplification, similarity between different cases (Arya, 2001).
Simulations for several values of Rossby number imply that the value of 0.3 m pro-
posed by Detering and Etling (1985) is indeed correct since it fits the measured profiles
better. Possible reasons for this discrepancy between calculated and employed values
for the roughness height can be due to an error-inducing description of the surface type
by Lettau (1950) or an unlucky data-set that suggests certain values of z0 because the
profile was not fully developed. Another possibility is because the models do in fact
simulate a roughness height of 0.01 m better if fed with a value of 0.3 m instead for
this particular case, suggesting that they are not entirely reliable for the whole range of
Rossby numbers.
4.1.1 Description of the ABL Models
k-eD
The k-eD model used the k-e equations with the constants as defined in Table 2.1 accord-
ing to Duynkereke (1988) . In order to match the Leipzig wind profile it was run until it
achieved a steady state and the differences between solutions for consecutive iterations
were minimal. The roughness height was set to 0.3 m as in Detering and Etling (1985)
and likewise the geostrophic wind speed equal to 17.51 m/s in the x direction while
Gy = 0 m/s. Since the case is neutrally stratified (no heat flux or temperature gradient)
the Obukhov length is infinite. For the same reason the temperature equation was not
used. In order to determine the computational domain height the Rossby similarity was
used. The height of the neutral ABL is about 0.25 u∗/f (Arya, 2001). However since for
this model in particular there is a clear relation between the solution and the domain
height the latter was set to three times u∗/f .
k-eF
The k-eF model is an attempt to correct k-eD by doing a simple adjustment to its param-
eters, specifically the TKE dissipation equation constants. The conditions are exactly the
same as for k-eD. The constants used are the ones presented by Freedman and Jacobson
(2002). They did not specify the value of ck but different values from the one used in
k-eD led to no clear improvement of the results. Although a value of 0.09 did reduce
the boundary-layer height it also led to a greater deviation between the measured and
calculated friction velocities. Thus a value of 0.033 was chosen for ck which results in
Ce1 = 1.12 according to equation (2.38), whereas the remaining constants are as defined
in Table 2.1.
`B
The `B model is simply an application of the algebraic expression derived by Blackadar
(1965) regarding the mixing length. Unlike all other models there is no prognostic
equation for the TKE. Thus the mixing length is calculated according to equation (2.40)
and the turbulent viscosity to equation (2.39). The fact that the mixing length is given by
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a relation that is strongly based on observations for the particular case of a barotropic,
horizontally homogeneous atmosphere gives it a strong connection to reality, however
the model is probably not able to simulate more complex situations.
Using the previously defined conditions of the Leipzig wind profile a simulation was
run with a time-scheme whose role was merely of relaxing the convergence. Though
the residuals of the present model were higher than for the first two models, it is con-
sidered that a steady-state has been achieved for the presented results (this assumption
is validated with the analysis of the transient case). Any residuals were due to small
oscillations on the upper third of the domain. A domain height of u∗/f was sufficient
for all quantities to develop with height.
This model provides no results for the TKE dissipation, however these can be cal-
culated in a post-processing phase. In order to compare results with the Leipzig wind
profile the results by Blackadar (1962) were used. This author calculated the mixing
length from the wind profiles and from these results the TKE dissipation could be cal-
culated, since according to the same article e = ν3t /`
4.
k-`B
The k-`B model is based on the k-` formulation described in Section 2.3.2, so that there
is a prognostic equation for the TKE, equation (2.33), and an algebraic equation for the
mixing length as provided by Blackadar (1965), equation (2.40). The turbulent viscosity
is then calculated from these two quantities according to equation (2.41). The fact that
the mixing length was obtained from direct observations of the atmosphere gives this
model a stronger connection to reality than the ones using the TKE dissipation equation.
However, there is no physical meaning to the diagnostic ` equation, though it may be
argued that the TKE dissipation equation is also lacking in physical meaning. The TKE
equation used the same boundary conditions as for the k-e models described in section
2.3.1.
The model was run with a domain height of 0.5u∗/ f , which was enough for the pro-
file to develop over the height of the ABL. A time-scheme was used to aid convergence.
Like in `B a steady state was achieved. The coefficient for the viscosity equation, ck was
set to 0.033 and the outer conditions from the Leipzig wind profile of roughness height
and pressure gradient were prescribed as aforementioned.
k-e-`X
The k-e-`X model is an application of the alteration to the k-e model suggested by Xu
and Taylor (1997). The model differs from the standard one in the prognostic equation
for e, where the production term is assumed to be equal to IPe = Ce1c3/4k k
2/` 2. Thus the
equation for the TKE dissipation becomes:
De
Dt
= ∇ · ( νt
σe
∇e)+ Ce1c3/4k k2`2 − Ce2 e2k . (4.1)
This was an attempt to correct this equation since it was held responsible for the unsuit-
ability of the standard model to the atmosphere by the authors. Were it not so, but if the
problem lay in the TKE prognostic equation then k-`B would tend to yield results that
were also different from observations like in the k-e models. Furthermore, the fact that
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the physical basis of the TKE equation is much stronger than the one of the TKE dissi-
pation also makes alterations to the last one more desirable so as to maintain coherence.
The mixing length was calculated according to Blackadar (1965).
Having e the TKE is computed from equation (2.33) and νt afterwards from equation
(2.41), similarly to the k-` model. In order to avoid a zero viscosity that could lead to
awkward solutions and momentary spikes in velocity (which could hinder convergence
and create oscillations), a lower limiter was set forcing its value to no less than 10 times
the molecular viscosity. The impact of using this limitation or the one generally applied
to all models as described in Chapter 3 is not noticeable.
The model was allowed to converge reaching an almost steady-state like the previous
cases and the outer conditions were the ones from the Leipzig wind profile.
4.1.2 Results
The most relevant parameters have been plotted for all models in figures 4.1, 4.2 and 4.3,
except for the `B for which the TKE was not calculated. Rossby similarity theory was
used to adimensionalize all quantities. The values of u∗ and maximum wind speeds in
both directions are presented in Appendix B with the respective errors.
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Figure 4.1: Results for the adimensionalized νt (left) and k (right) as a function of the
adimensional height for the steady-state models and the Leipzig wind profile. The TKE
from `B was not plotted due to its formulation.
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Figure 4.2: Results for the adimensionalized e as a function of the adimensional height
(left) and the calculated Ekman spiral (right). k-`B had its e calculated according to
equation (2.42). For further details, please refer to Figure 4.1.
0.0 0.2 0.4 0.6 0.8 1.0
vx/|G|
0.0
0.1
0.2
0.3
0.4
0.5
z|
f c
|/u
*
0.0 0.1 0.2 0.3
vy/|G|
Figure 4.3: Results for vx and vy adimensionalized by the magnitude of the geostrophic
wind as a function of the adimensional height. For further details, please refer to Fig-
ure 4.1.
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4.1.3 Analysis
Although k-eD is meant for atmospheric flows its prediction is poor in regard to the
Leipzig wind profile. The turbulent viscosity tends to grow with height in an un-
bounded manner, with the domain height influencing this rate. The fact that ∂νt/∂z
never becomes zero makes the top boundary condition imposing a zero gradient a lim-
iting factor whose influence is diffused through the upper part of the domain. The fact
that the viscosity does not have the characteristic maximum seen in the Leipzig wind
profile leads to an inaccurate velocity profile whose prediction worsens with height.
When near the ground however the model seems to be close to reality and may in fact
be better than others for the first few meters such as flows around trees or buildings.
The way the model was run is in itself an abstraction from reality since the neutral ABL
is not affected by a zero lapse rate all the way to 3u∗/ f . At the ABL top there should be
an increase in potential temperature that could lead to a suppression of turbulence and
eventually of the turbulent viscosity. If run with a lower top the model leads to an even
greater turbulent viscosity gradient. The predicted value of the boundary-layer height
is also much higher than expected and the Ekman spiral is too slim. The higher than
expected calculated friction velocity was of 0.8 m/s.
When compared with other models that had better results for the velocity profiles
it may be noted that their TKE was much lower then the one predicted by this model
which never truly vanishes until very high up in the atmosphere. These effects were
also noted by Detering and Etling (1985), Duynkereke (1988) and others.
* *
Just like the previous model the k-eF is also sensitive to the model height. The tur-
bulent viscosity decreases after reaching a maximum that is nonetheless much higher
than it should be. After reaching a minimum value (far above the represented region)
the viscosity then increases again in an unbounded manner like in the previous model.
However the viscosity is now generally lower than before. The ABL height is still too
deep when compared to the Leipzig wind profile. After altering the parameters a de-
crease in the TKE can be seen earlier and to a value closer to zero than before which is
more akin to the models that yielded a better fitting to the experimental data. The TKE
dissipation also has a shape that is closer to the one of k-e-`X where a sudden decrease
takes place at the ABL height, even though in the present case this is noted at a much
higher altitude (not represented). Overall the turbulent quantities have a general shape
that is in accordance with experimental data but out of proportion. This can also be seen
in the friction velocity of 0.81 m/s, this is slightly higher than in the previous model.
The fact that the turbulent viscosity is closer to experimental data leads to better
results in velocity with a slightly broader Eckman spiral.
Both Detering and Etling (1985) and Freedman and Jacobson (2002) attempted at
different times to parametrize the k-e model to the neutral atmosphere, however from
the obtained results from models k-eD and k-eF (as well as those from other authors
that tried other parameterizations) it seems that the k-e is not a good model for this
theoretical atmosphere and that further attempts to find a better parameterization are
fruitless. Instead an alteration to the e equation or completely different models should
be looked into as has already been suggested by Duynkereke (1988) or Detering and
Etling (1985).
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* *
Regarding the `B model there is, in fact, a good correlation between the calculated
and observed values of TKE dissipation. Analyzing the turbulent viscosity one may
conclude that experimental and simulated results have the same shape and there is but a
small deviation, when compared to previous models, from the experimental magnitude.
The calculated ABL height seems to be slightly higher and this becomes more evident on
inspection of the velocity profiles. Associated with the smaller turbulent viscosity close
to the ground, is a greater velocity and therefore friction velocity of 0.71 m/s as well.
A smaller νt also leads to greater velocities overall as becomes especially evident in the
component perpendicular to the geostrophic wind speed. The Eckman spiral achieved
better results but it over-predicted the angle that the wind speed close to ground made
with the geostrophic wind speed.
Although `B is a good model there is still room for improvement. The TKE dissipa-
tion is coincident with the experimental data and this could hardly be otherwise since
Blackadar (1962) used the Leipzig wind profile to calibrate his model. There is, however
a notable difference in the calculated turbulent viscosity that depends on the mixing
length and the velocity gradient. The assumption that the mixing length used for the
calculation of e is the same as the one used for the calculation of νt is not a fact (Cuxart
et al., 2006) and therein may lie the discrepancy between the calculated and observed
profile of the turbulent viscosity.
* *
As for the k-`B it provides better results for the neutral case than the previous ones.
Unlike models k-eD and k-eF this one has a TKE that approaches zero much quicker
thus creating a shallower ABL. This is because the TKE dissipation is greater throughout
the whole domain due to its tight dependence on the mixing length. From these two
parameters a more realistic turbulent viscosity can be calculated. It reaches a maximum
close to the ground and then tends to zero as it approaches the ABL height. The shape
and magnitude of the turbulent viscosity are in accordance with the Leipzig wind profile
although it is still slightly smaller, hypothetically for the same reasons mentioned before.
* *
The last model k-e-`X gives good results similar to the ones of the mixing length
model. Xu and Taylor (1997) have apparently predicted the e production correctly since
it has a shape very similar to the one of the mixing length model except for the fact that
it tends to zero more quickly at higher altitudes (not represented). The dissipation is
however slightly stronger than in the `B model which could mean that some fine tuning
of the Ce1 constant would be required if a perfect match to Blackadar (1965) was desired.
Just like in k-`B there is a very quick decay of TKE with height and the two profiles
are practically coincident throughout the domain. k-e-`X generates an ABL slightly
deeper than k-`B and like the previous models that used the mixing length relation it
predicts higher velocities overall while the turbulent viscosity is smaller than for the
experimental data. The friction velocity was very close to experimental data at 0.66 m/s.
An attempt to alter the model by using the classical standard model definition of
turbulent viscosity led to no outstanding results with its friction velocity increasing to
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0.68 m/s along with the ABL depth. By making it closer to the standard model, k-e-`X
departed further from the solution of Blackadar (1962). This alteration may however be
an interesting one for a case where more versatility is required.
k-e-`X maintains some of the versatility of the standard model by having two prog-
nostic equations for the TKE and its dissipation but due to a small alteration is able to
successfully simulate the neutrally stratified ABL. Other models exist that make small
ajustments to the production terms, some with better or worse results like the one from
Duynkereke (1988) or the one from Detering and Etling (1985).
4.2 Transient ABL Simulations
Large Eddy Simulations have proven to be quite accurate when representing turbulent
quantities or time averaged parameters as was observed during an inter-comparison
study in Beare et al. (2006). Pedersen et al. (2014) made several simulations using a
Large Eddy Simulation (LES) model to predict the evolution of the ABL for several cases.
Among these is one of special interest for this topic that has a neutral boundary layer, i.e.
no surface heat flux but an imposed temperature gradient of 0.003 K/m starting above
it, very similar to the one of the Leipzig case. On the previous section it was assumed
that the profile was in a steady-state, thus the time derivative was discarded. In this
one the evolution of the profile will be compared with the LES simulation of Pedersen
et al. (2014). The initial conditions are a zero velocity gradient with ~v = ~G = (10, 0) m/s.
Since no information was given by Pedersen et al. (2014) regarding turbulent quantities,
a constant flux layer was assumed and the relations for the SL were applied to the whole
ABL, to initialize the TKE and its dissipation. The Obukhov length was fixed at infinity,
the roughness height set to 0.01 m and the Coriolis parameter to 10−4 s−1. The only
field variable that was not initialized as in the LES results was the temperature gradient
which was set to zero as in the previous section. This was done so that its influence
could be kept from influencing the results, thereby allowing a clearer analysis of the
effects of the relevant equations for the neutral case.
4.2.1 Results
After running the simulations for all five previously described models during a period of
32 hours the results were compared with the LES model. In order to do this Hovmo¨ller
diagrams were made representing the source term of the momentum equations. This
is directly proportional to the difference between geostrophic and local wind speed.
Despite the deficiencies of the rainbow palette (Stauffer et al., 2015), this colormap was
chosen so as to allow for a better comparison of the present results with the LES model
results of Pedersen et al. (2014). The ABL height was defined as the point where the
shear stress reaches 5% of its surface value so that an objective analysis of its evolution
could be made. The Hovmo¨ller plots are represented in Figure 4.4, the reference case by
Pedersen et al. (2014) in Figure 4.5 and the ABL height in Figure 4.6. The values of u∗
and maximum wind speed for the last time step are presented in Appendix B with the
respective errors.
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Figure 4.4: The source term for the two momentum equations given by f (vy − Gy) for
the equation in the x direction (left column) and f (Gx − vx) for the equation in the y
direction (right column). The models are as described from top to bottom: k-eD , k-eF ,
`B , k-`B , k-e-`X .
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Figure 4.5: The results from the reference LES results presented with the same arrange-
ment as in Figure 4.4. Note: adapted from the original figure in Pedersen et al. (2014).
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Figure 4.6: The ABL height for all models as previously defined. The Tk-eD model
repeats the k-eD model but considering the effects of a weak temperature gradient
(please refer to Section 4.2.3). The horizontal line is set at the theoretical ABL height
of 0.25 u∗/| f | with u∗ = 0.37 as in Pedersen et al. (2014).
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4.2.2 Analysis
Regarding the performance of the k-eD model, during the first four hours the wall shear
stress leads to an abrupt decrease in speed that weakens with height. After five hours the
wind starts to rotate with height forming a spiral. This can be seen by the increase of the
velocity vy in the lower part of the ABL. Its magnitude and direction then oscillate with
time. The amplitude of these oscillations becomes progressively smaller as the system
tends to its steady-state. This effect can not be seen in the LES solution and may have
been created by the fact that several physical phenomena are unable to be modeled by
a one-dimensional model such as this one, whereas in LES the three-dimensional space
allows for advection to be considered, increasing the number of transport mechanisms
that promote the influence of neighboring cells, eventually suppressing oscillations.
While the LES model clearly shows a super-geostrophic wind speed starting between
seven and nine hours of simulation (i.e. the blue shaded area in the source term for the y
direction), k-eD was not able to replicate this effect. The profile of vx has a shape similar
to the one of its steady-state solution throughout the whole simulation time.
The Hovmo¨ller diagram for the other direction shows a generally smaller source
term then the one presented on the LES model. Akin to the steady state the k-eD predicts
a very slim spiral. Although the height at which vy reaches zero starts to decrease after
reaching ten hours, the LES model suggests that it would increase even after the full
simulation time had passed. Nonetheless, the magnitude of the source term becomes
smaller after ten hours of simulation in both cases.
Although Pedersen et al. (2014) calculated an increasing ABL height with time, k-eD
predicts that it should reach a maximum after 15 hours and then decrease to more
reasonable values. Even after doing so its calculated magnitude of 1.5 times u∗/f is
always much larger than the predicted value of 0.25 u∗/f . After decreasing it then
increases slightly again.
Analyzing the Hovmo¨ller diagrams and its oscillations with time it now becomes
obvious why the temporal convergence of such a one- dimensional model is not easy. It
still reaches convergence with a much smaller computational time than the much more
complex LES model.
* *
The Hovmo¨ller diagrams for k-eF do not differ much in shape from the first ones.
The oscillations have the same frequency and the time it takes for the braking effect of
the no slip condition on the ground to reach the top of the ABL is about five hours for
both. This means that, when compared to the LES simulation, both models predict the
evolution of the wind profile over time correctly. The shape of the profile, however, is
better on k-eF.
Just like for the steady-state runs the k-eF yields slightly higher velocities in the vy
component then the first, suggesting that the Ekman spiral is broader and closer to the
reference simulation.
The ABL height has a maximum just like k-eD, although it only goes up to 1.7 u∗/f .
Afterwards it tends asymptotically to a value of 0.65 u∗/f .
* *
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If turbulence does not change instantaneously then the same should apply to the
turbulent viscosity, meaning that a model where turbulence can change instantaneously
could lead to inaccurate results for transient simulations. Although `B relies on an
algebraic equation that does not depend on time and therefore has no inertial term
this does not seem to impact the results in a negative way. The oscillations and their
maximums still occur at the same times as for the previous models. This means that
the turbulent viscosity in models k-eD and k-eF was adapting to the velocity profiles
much faster than the rate of change of the profiles themselves and therefore whether
the inertial term was taken into account or not had no impact on the viscosity and
consequently did not delay any phenomena. If the turbulent viscosity profile were to be
delayed by any inertial terms this would make the first minimum (at 13 hours for the
source term in the y direction) take longer to be reached since its existence is related to
an increase of viscosity that leads to stronger gradients of velocity with height.
As in the steady-state simulation `B develops a super-geostrophic wind speed start-
ing at the seventh and the eighth hours just like in the reference model (i.e. blue region
in the Hovmo¨ller diagram for the y direction source term). This leads to a spiral similar
to the classical Ekman solution Arya (2001).
As for the source term in the x direction the Hovmo¨ller diagram shows a greater
magnitude of vy than for the previous models as in the steady-state case. While the
LES simulation predicts values of vy greater than the ones calculated by models `B ,
k-`B and k-e-`X , the steady-state analysis led to the conclusion that the same models
generated a greater maximum of vy than the observations from the Leipzig wind profile.
It could be argued that the differences to the reference data of both the steady-state and
this case should be similar. It has to be noted, however, that there is no Rossby similarity
for both cases, given the different geostrophic wind speeds and roughness heights.
As far as the ABL height of the `B model is concerned, there is an increase as the pro-
file starts to develop after which it achieves an approximately constant value of 0.17 u∗/f .
* *
Models k-`B and k-e-`X yield very similar results to `B. The shape of the profiles
is the same throughout and only their magnitudes are slightly different. Just like in
the steady-state results the Ekman spiral is slightly slimmer for the k-`B model than the
previous which results in slightly smaller speeds in the y direction. Since the differences
are minimal for both the steady-state profiles and the Hovmo¨ller diagrams it is hard to
say which of these three models is closer to reality. The fact that the LES and the Leipzig
data have their own uncertainties shoud also be considered.
4.2.3 The Importance of Temperature (Tk-eD)
The truly neutral case is practically nonexistent, especially over a period of several hours
as was simulated. This is because the smallest temperature gradient will lead to impor-
tant changes in the velocity and viscosity profiles. In order to show this, k-eD was
slightly altered in order to account for a temperature gradient of 0.003 K/m as is the case
in the LES simulation and the Leipzig wind profile which resulted in model Tk-eD.
Equation (2.18) was used to calculate the temperature in the center of the domain.
For the lower boundary the heat flux was set to zero, as for the upper boundary the
top node was extrapolated from the two nodes below it thus ensuring an equal heat
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flux in its lower and upper faces. The buoyancy term was added to the production
of TKE as is defined in (2.33), meaning that a positive temperature gradient leads to a
decrease of TKE and therefore of the turbulent viscosity. The reference temperature for
the buoyancy term was set so that the Brunt-Va¨isa¨la¨ frequency given by N =
( g
θr
∂θ
∂z
)1/2
is equal to 0.01s−1 as was set for the LES simulation.
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Figure 4.7: Same as Figure 4.4 for the Tk-eD model which takes the temperature gradient
into account.
The results are clearly different from the previous models and in better agreement
with the LES model results. It can be seen that the velocity defect profiles in Figure 4.7
are inhibited to grow beyond a certain height that varies over time. In fact the turbulent
viscosity for the last time-step drops to a residual value at a height of 500 m due to
the strong positive temperature gradient that occurs in this region suppressing the TKE
as can be seen in Figure 4.8. This sort of behaviour of the ABL has been previously
observed (Arya, 2001) and is termed an inversion since in the unstable case the ABL top
is characterized by a positive temperature gradient, whereas below this in the mixing
layer the gradients are typically zero. The position of this inversion tends to grow
over time which allows the velocity profiles to develop higher. This phenomenon also
happens in this simulation as can be seen from the Brunt-Va¨isa¨la¨ frequency plot (Figure
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Figure 4.8: The TKE (left) and the Brunt-Va¨isa¨la¨ frequency (right) Hovmo¨ller plots for
model Tk-eD.
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4.8) that is proportional to the square root of the temperature gradient.
The oscillations present on the previous models still occur in this one. The super-
geostrophic wind speed can also be found starting at the same time as in the previous
simulations, but at a lower altitude. At all times the velocity profiles are developed at a
lower height than in the LES model, suggesting that the reduction of turbulent viscosity
should be happening higher up. As in the reference case the height at which vy reaches
zero keeps growing over time. The same can be said about the ABL height also plotted
in Figure 4.6 that has a positive growth after the first five hours.
This growth is not always constant, since before reaching the five hours the inversion
has not yet had enough time to grow and suppress all the TKE above it thus resulting a
higher νt. The ABL height of this model actually overlaps the one from the k-eD during
the first two hours going as high as the computational domain height, hence the plateau
between 2h and 5h. The high viscosity above the inversion does not allow the velocities
to reach their geostrophic speeds which in turn results in a deeper boundary-layer. At
around five hours the TKE has already reached low enough values, allowing the ABL to
drop to more reasonable height values.
The decrease in νt at the inversion cap becomes evident in Figure 4.9 where the
profile of νt is plotted. The turbulent viscosity reaches a maximum between the ground
and the ABL height and then decreases to approximately zero. After that it increases
again in a manner similar to the one observed in the simulations with a zero temperature
gradient. These high values of νt in a region of the atmosphere where the velocity
gradient is zero have no impact on the velocity profile, however they are responsible
for an increase of diffusivity for the temperature profile which will result in a smaller
gradient for the same heat flux. On further analysis, by allowing the model to run for a
longer period of time negligible values of νt can be achieved above the inversion as can
be seen from Figure 4.10.
The Tk-eD was able to describe the ABL correctly up to the inversion cap with pos-
sible deviations from reality in the temperature profile after that. This shows that the
analysis of the Leipzig wind profile and parameterizations for it should include the
effects of temperature, at least as far as the models including the k equation are con-
cerned. If these are not included, then the parameterizations for both k and e will only
be successful if their constants force it to be so artificially, which will lead to a lack of
generality and theoretical basis. This supports the findings of Duynkereke (1988) sug-
gesting that the Leipzig wind profile is not representative of the truly neutral ABL and
that the effect of stability is paramount.
Chapter 4. Simulation of the Neutrally-Stratified ABL 39
Figure 4.9: The turbulent viscosity, νt, Hovmo¨ller plot for model Tk-eD (left) and the
same variable plotted as a vertical profile for the last time step at 32h (right).
Figure 4.10: The turbulent viscosity as in Figure 4.9 (right) after a simulation time of
three days.
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Chapter 5
Simulation of the Stably-Stratified
ABL
The Stably-Stratified ABL is simulated with variations of the previous five models. The results
are presented and analyzed and a sixth model is suggested.
The LES simulation study by Beare et al. (2006) was used to compare several single
column models during the GABLS1 program. The first GEWEX ABL Study (GABLS1)
started as an intercomparison of LES models focusing the simulation of the ABL under
stably-stratified conditions, based on the simulations by Kosovic and Curry (2000) of
the quasi-steady ABL under a constant surface cooling rate and geostrophic wind con-
ditions. A total of 11 models participated in this benchmark (Beare et al., 2006) and its
results were used as reference to a new benchmark of single-column ABL solvers (Cuxart
et al., 2006), consisting of 21 computer codes whose turbulence modelling ranged from
first-order to two-equation higher-order schemes.
The initial and boundary conditions are well described in Cuxart et al. (2006) so this
case will be used for comparison with the present models. The conditions were:
• Latitude: 73o N,
• Computational domain height: 400 m,
• Geostrophic wind: ~G = (8, 0) m/s,
• Initial wind speed: ~v = ~G m/s for the whole domain except on the ground,
• The potential temperature is equal to 265 K up to 100 m and then increases with a
lapse rate of 0.01 K/m,
• The TKE follows 0.4(1− z/250)3 m2/s2 up to 250 m and then retains its last value,
• The wall potential temperature follows 265− 0.25 t K with time t in hours,
• The roughness height is 0.1 m for both momentum and heat,
• The simulation time spans nine hours.
Some conditions were not met such as the grid that was not altered to a uniform
formulation since this would increase computation time and decrease accuracy. The
time step of 10 s led to divergence in certain cases so it was changed to 2 s.
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5.1 Description of the ABL Models
All models required some modifications so as to be able to represent the stable case as
accurately as possible. This includes first and foremost the introduction of a temperature
transport equation since it is the basis from which most models account for stability.
Regarding the lower boundary conditions the φm,h functions are used to modify the
logarithmic-profile law, thus requiring the calculation of the Obukhov length scale. Since
the temperature is imposed this is done using an iterative method:
The bulk Richardson number close to the wall is defined as
Rb =
g
θ0
z1(θ1 − θw)
v2x1 + v
2
y1
(5.1)
and from the SL relations it is known that ∆θ = θ∗ θ+1 and
√
v2x1 + v
2
y1 = u∗ u
+
1 , as
in equations (2.53) and (2.54). Bearing the equation for the Obukhov length in mind
(equation (2.45)) it can be rewritten as
L = z1
κRb
θ+1
u+1
2 , (5.2)
where the θ+ and u+ functions depend on L and z which is why an iterative solution
is required. The secant method was used to find the root of equation (5.2). Knowing L
both friction velocity, u∗, and friction temperature, θ∗, are calculated from SL relations.
k-eDs
Besides the afforementioned differences this model retained its previous characteristics
(vide Section 4.1.1. The constants used for the TKE and its dissipation remained same.
This means both the mechanical and buoyant production terms are affected by Ce2 unless
if the temperature gradient is positive, in this case only the mechanical term is taken into
account in the dissipation equation as described in section 2.3.1.
k-eFs
This model is the same as the k-eDs except for the constants used in the e equation
which were changed to match the ones from Freedman and Jacobson (2002) as used in
the neutral k-eF.
`Bs
The turbulent viscosity for this model was calculated from a single mixing length using
equation (2.39) similar to the neutral case. The main difference lies in the fact that the
algebraic equation for ` is now an adaptation of the one from Blackadar (1965) to the
stable case. As is evidenced by the e equation in the k-e model, the TKE dissipation is
dependent on the temperature gradient, implying that its mixing length also depends on
it (a higher ` leads to a lower e). In order to account for this dependence several solutions
have been presented, e.g. Holt and Raman (1988). A formulation first suggested by
Djolov (1973) makes use of the SL φm function. Even though it is debatable whether it is
acceptable that the mixing length in the core of the ABL be modelled using SL relations,
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it is nonetheless a better approximation to the stratified case than one where it is simply
assumed that the mixing length is the same for the neutral or the stable case.
The mixing length in this model is calculated as
` =
κz
φm +
κz
λ
(5.3)
where λ = 4×10−4 · G/ f .
k-`Bs
This k-` model required an alteration to its mixing length. As was noted previously, the
alteration suggested by Djolov (1973) is not suitable for the region outside the SL, there-
fore another equation was used. This one was proposed by Duynkerke and Driedonks
(1987) and requires the evaluation of three mixing lengths where the smallest is after-
wards chosen. The first depends on the height of the ABL and is the previously used
λ, but using a factor of 2.7×10−4 as in Blackadar (1962) and described in section 2.3.2.
A second one depends on the distance from the ground and is given by an expression
similar to the one from Blackadar (1962) like in equation (5.3). Finally one that is a
function of the Brunt-Va¨isa¨la¨ frequency and the TKE to account for stability,
`s = cs
√
k
N
where cs is given a value of 0.36.
The TKE is calculated as in models k-eDs and k-eFs while its dissipation uses the
relations presented for the k-` model in the neutral case. Likewise the turbulent viscosity
is calculated from k and ` as before with equation (2.41).
k-e-`As
The model presented by Xu and Taylor (1997) was tuned to the neutral ABL, which is
expected to hinder its performance. The fact that its mixing length used the original
expression from Blackadar (1962) also points to this. Instead another model proposed
by Apsley and Castro (1997) that makes use of all three parameters – k, e and `– was
chosen for this case.
The main purpose of Apsley and Castro (1997) when developing the model was to
have a limited length-scale model where both production and destruction of e would
cancel one another out when the maximum mixing length was reached. The e equation
can be seen as a way of defining the mixing length since both quantities are directly
related through equation (2.42), thus imposing a limit on ` is the same as imposing a
limit on e. The modification to the e equation is such that it is no different from the
k-e equation (2.36) when very close to the ground and progressively reaches the point
where production and destruction cancel out so that
De
Dt
= ∇ · ( νt
σe
∇e)+ (Ce1 + (Ce2 − Ce1) ``max
)
IP
e
k
− Ce2 e
2
k
. (5.4)
From the SL relations, making use of the MOST, the maximum mixing length be-
comes `max = L κ/βms and the local mixing length is
` =
κz
1+ βz/L . (5.5)
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Having e the TKE is calculated according to equation (2.33) and the turbulent viscos-
ity to equation (2.32) like in the k-e model. Apsley and Castro (1997) have defined a set
of constants to be used in their model very similar to the ones given by Jones and Laun-
der (1972), however for k-e-`As another set of constants will be used. This should not be
a problem according to Apsley and Castro (1997) since the model is general enough and
is expected to yield better results given that the standard model is tuned for common
engineering applications and not the ABL. Thus the constants suggested by Duynkereke
(1988) will be used as described in Section 4.1.1.
k-e-PrV
All previous models assumed that the Prandtl number relating the turbulent viscosity
to the thermal diffusivity was constant throughout the whole height of the ABL and
independent of stability. There is no reason why this should be so and therefore some
parameterizations for this quantity have been developed. The Prandtl number is impor-
tant to define the buoyant production of TKE which appears in the k and e equations as
well as for the temperature equation and is therefore especially important for the stable
ABL. Venayagamoorthy and Stretch (2010) have suggested a paramaterization for the
Prandtl number based on relevant length scales and the Richardson number such that
Pr = Prn exp
(
− Ri
Prn Γ∞
)
+
Ri
Rf∞
, (5.6)
where Prn is the Prandtl number for a neutrally stratified ABL, the one being used for all
previous models, Γ∞ = Rf∞/(1−Rf∞) and Rf∞ is the upper limit for the flux Richardson
number. Venayagamoorthy and Stretch (2010) then tuned the relevant constants based
on DNS simulations obtaining Rf∞ = 1/4 and Γ∞ = 1/3. As for the Prandtl number
for neutral stratification the previously used value of 0.95 will be used to maintain
coherence.
This parameterization of the Prandtl number was applied to the k-eDs model and no
equations or constants were altered.
5.2 Results
The GABLS1 intercomparison used the average quantities of several LES models as
a reference. Akin to Cuxart et al. (2006) the LES results were plotted alongside the
simulation results for the stable case as gray areas when the confidence interval was
given to show the dispersion of the LES models or a single gray line if the average was
given. The values of u∗, maximum windspeed and ABL height for the last time step are
presented in Appendix B with the respective errors.
5.3 Analysis
The k-eDs model was able to predict the turbulent viscosity with good accuracy when
compared to the other models. This led to a good prediction of the wind speed. The
momentum flux should reach zero by 200 m or lower, however this was not the case. A
likely reason for this is the lower limit set on νt. As may be seen by analyzing the profile
of νt in Figure 5.2 the turbulent viscosity is constant from 150 m upwards, and though
Chapter 5. Simulation of the Stably-Stratified ABL 45
0 2 4 6 8 10
|v| (m/s)
0
50
100
150
200
250
300
350
400
z (
m
)
k- Ds
k- Fs
Bs
k- Bs
k- - As
k- -PrV
262 263 264 265 266 267 268
 (K)
0.00 0.02 0.04 0.06 0.08
t| v/ z| (m2/s2)
0
50
100
150
200
250
300
350
400
z (
m
)
0.015 0.010 0.005 0.000
t/Pr / x  (Km/s)
Figure 5.1: Variables for the ninth hour of simulation plotted against the domain height.
The magnitude of the wind speed (upper left); the temperature profile (upper right); the
momentum flux (upper right); the heat flux (lower right).
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Figure 5.2: Profiles of turbulent length scales arranged as in Figure 5.1. The dynamic
viscosity (upper left); the thermal diffusivity (upper right); the dissipation length `e
given by c0.75k k
1.5/e was divided by c0.75k so that different values of ck still allowed for a
comparison between models (lower left); the mixing length `m given by νt/k0.5 (lower
right). For models `Bs and k-`Bs `e was plotted as ` and likewise for `m in the first case.
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Figure 5.3: The ABL height (left) and the friction velocity (right) are plotted for the whole
simulation time of 9h. The six models for the stably-stratified ABL are represented.
some models naturally predict a stabilization of νt this may be an artificial behaviour
due to the limiters. This may be confirmed with a simple analysis of the results, a value
of νt = 0.25 m2/s was obtained for the first node which was precisely the value of νt
in the upper part of the profile. Given more freedom the model would be allowed to
predict smaller values of νt and thus better results for the momentum flux and wind
speed would be obtained. On the other hand the lower limit for k-`Bs model was of ten
times its molecular viscosity, which allowed it to reach lower values.
Directly connected to the excessive momentum flux on the upper part of the domain
is a higher than expected ABL height (Figure 5.3). As for the prediction of quantities
near the ground, the values of u∗ show a good agreement with the LES results.
In a similar manner to the momentum, the heat flux was not allowed to reach zero
because of the artificial lower limit on νt. If this limit were to be removed, some param-
eterization would have to be made regarding the Prandtl number nonetheless. From a
visual analysis alone it is possible to infer that the relation νt/νh is different for the LES
results and the k-eDs model.
Analyzing the mixing length `m it can be concluded that the TKE is being predicted
quite well, at least until 150 m where the limiter for νt sets in. As for ` e it reaches an
approximately constant value from 150 m upwards which is consistent with the LES
data as well as the `Bs model, shich means that it is similar to the Leipzig wind profile
used for the parameterization of Blackadar (1962). The value to which it tends, however
is slightly lower than it should be. The increase in `m from 150 m upwards can be traced
back to the limit of νt. Given that this parameter is restricted by a lower limit, ` m will
necessarily increase as the TKE decreases. This is because ` m = νt/k0.5 and νt is not
allowed to change.
* *
The k-eFs model gives values of νt that are too high, therefore the calculated ratio of
k2/e is equally high as can also be seen from the `e profile in Figure 4.2. This shows the
importance of parameterization constants and the e equation on the prediction of ABL
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flows. The cause for the discrepancy between the k-eDs and the k -eFs models can not
be ascribed to one particular constant. The fact that k-eFs predicted a smaller turbulent
viscosity in the neutral cases than k-eDs, as opposed to this case, shows that differences
in results are dependent on flow conditions.
One possible cause for the too high ratio of k2/e (proportional to νt) could be the
production of e which is tuned by Ce1. This constant is lower in k-eFs which leads to
a lower production of TKE dissipation and thus a higher ratio of k2/e. This is mere
speculation but would be a good starting point to study the effect of these constants on
the model by parametric testing and analyzing its effects on the solution. Although the
model is not usable as it is for the the stable ABL the general shape of the profiles is good
and applying other values for the constants within the ranges suggested by Freedman
and Jacobson (2002) might lead to good solutions.
* *
The results of the `B model do not differ much according to the boundary conditions
due to the fact that the expression for the turbulent viscosity depends only on a single
parameter and height. For this reason the profile of νt and wind speed are similar
to the ones of the neutral case. The fact that the temperature has no effect on the
turbulent viscosity leads to a much deeper ABL. In the other models νt is destroyed
by the inversion cap at a lower altitude, which in turn leads to an accentuation of the
temperature gradient and the two phenomena feed back and forth into one another. The
`B model is unable to represent this.
Although the `B model should be able to predict quantities in the SL well, incorrect
predictions of speed and temperature above it lead to incorrect calculations of these
quantities in the SL, e.g. the Obukhov length requires the temperature in the first node
whose temperature is affected by diffusion to the second one. Errors in the second node
would thus lead to errors in the Obukhov length which would lead to errors in φh which
would lead to errors in ` and so on. Thus the fact that a model is suitable for the SL
is only true if the values above it are calculated correctly, eventually by another model.
Such explains why even u∗ has values that depart from the gray confidence-interval area
of the LES models.
* *
The k-`Bs model was able to correct the mixing length from the previous model by
choosing `s between the inversion and the top of the domain, as can be seen in the `e
profile. This and the fact that the turbulent viscosity was allowed to reach much lower
values than the previous models led to a prediction of the wind speed that is almost
coincident with the LES predictions. The inversion is slightly higher than it should be
however which leads to the slight deviation of νt and consequently of the wind speed.
The inversion cap would most likely be lowered if the value of cs was decreased, but that
alone would not be enough since it is probable that cs depends rather on the conditions
of stability.
Duynkerke and Driedonks (1987) explain how the value of cs was chosen according
to a relation involving Ri and Rf for which they chose the critical value of 0.3 and thus
arrived at cs = 0.36. If instead of having cs fixed for the whole domain it was made to
depend on the Richardson numbers (not the critical ones) better results could eventually
be obtained.
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The ABL height is well predicted even though the inversion is slightly higher than it
should be.
There are still some deficiencies in the k-`Bs model. The turbulent viscosity has a
kink at about 150 m, the point where the transition is made to the ` s length. A function
that would smoothen this transition could be beneficial.
The abrupt increase of `m can be ascribed to k reaching zero while νt reaches its
lower limit of ten times the molecular viscosity.
* *
The k-e-`As model has successfully limited the maximum dissipation length, indi-
rectly limiting the minimum e value. This limitation was too stringent for this case
where the mixing length should have reached higher values. The high TKE dissipation
led to very small values of TKE and thus of turbulent viscosity.
The effect of the lower limit for the turbulent viscosity is more important in this case
since it is of the same order of magnitude as its maximum. This limit is reached at a
very low altitude of 50 m which leads to a very low inversion cap, that is also very weak
due to the low turbulent viscosity. This resulted in a velocity profile that was not able
to develop correctly within the small and more viscous region. From 50 m upward all
parameters are subjected to a constant νt and an odd velocity profile which makes it
impossible for these quantities to match the LES model results unless by coincidence.
Possible solutions for the k-e-`As model include: reducing the lower limit of νt or
applying one to k instead, trying different parameterizations for the mixing length such
as the one used in k-`Bs.
* *
The turbulent Prandtl number calculated for the k-e-PrVs led to a decrease of the
thermal diffusivity which in turn resulted in a smoother profile of θ without a clear cap.
The k-e model computes a too deep boundary-layer with an ever increasing turbulent
viscosity if no inversion is present, as was concluded in Chapter 4. Since there is no
cap limiting the size of the ABL, νt is allowed to reach very high values. The overall
higher Prandtl number also means that the buoyant production – in this stable case,
destruction – is weaker and therefore it becomes even harder for an inversion to be
created, as was seen in the `Bs model where no coupling at all was present between
temperature and viscosity.
The thermal diffusivity is decreased by the Prandtl number when according to the
LES results it should be increased relative to the turbulent viscosity. There is certainly a
discrepancy between the parameterization of Venayagamoorthy and Stretch (2010) and
the results of the LES intercomparison, since Ri is greater than zero throughout the
whole ABL, then Pr/Prn should be greater than one according to equation (5.6). The
decrease in thermal diffusivity between 150 and 200 m is well portrayed by this model
since the Prandtl number tends to infinity in this region. The reason for this is the
equally infinite Ri due to the absence of shear stress in this part of the atmosphere.
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Chapter 6
Conclusions
A numerical solver for the atmospheric boundary layer based on single-column mod-
elling was developed to analyze turbulence parameterizations for the stable and neutral
atmosphere.
A total of 7 turbulence models were investigated, namely a simple mixing-length
diagnostic equation, a one-equation k-` model and two-equation k-e and k-e-` formula-
tions. To evaluate their performance, two relevant reference case studies in the technical
literature were considered: the (assumed) neutrally-stratified Leipzig wind profile and
the LES results from the GABLS1 model-intercomparison, focusing on a quasi-stationary
stably-stratified ABL. Additionally, the LES results of Pedersen et al. (2014) were used
as reference to study the effect of static-stability on the transient evolution of a neutral
ABL.
The k-e models predicted a very high TKE which did not vanish until very high up
in the atmosphere. This created an excessive viscosity that led to a very deep boundary
layer. Although a different paramaterization from the one initially used was able to
lead to better results, both were unable to reproduce the Leipzig wind profile case. The
cause for this was the disregard for the temperature gradients that are relevant even
under neutral stratification. It was shown that the analysis of the Leipzig wind profile
and parameterizations for it should include the effects of temperature, at least as far as
the models including the k equation are concerned. When these were not included, the
parameterizations were successful only if their constants forced it to be so artificially,
which would lead to a lack of generality and theoretical basis as was done previously
by Detering and Etling (1985). The reasons for this were the creation of an inversion cap
that is important for the suppression of TKE.
A mixing-length model was also tested having shown very good results for the neu-
tral atmosphere. A possible reason for the small discrepancies observed was the as-
sumption that the mixing length used for the calculation of e was the same as the one
used for the calculation of νt. This was not necessarily true and thus more than one
length scale would be necessary. It was also observed that this model was unable to
simulate the growth of the boundary-layer correctly since it did not account for the
effects of the temperature inversion at its top. The mixing length model had a tempo-
ral evolution that was similar to the ones of other models even though it did not have
any time-dependent terms for the prediction of viscosity. This suggests that the iner-
tial terms of viscosity had a small impact on all simulations. The mixing length model
performed poorly when predicting the stratified case even though parameterizations
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including some effects of temperature were used.
A k-` model was then used, having performed quite well in the neutral case. The
reason for this was that the mixing length used was able to predict the TKE dissipation
better than the e equation used in other cases. For the stratified case an alteration had
to be made to the mixing length parameterization which included local quantities. This
allowed it to perform satisfactorily even in the stable case. It was proposed that one
of the constants used for calculating the mixing length would be made dependent on
the local Richardson number, thus allowing for a better prediction of the inversion cap,
whose prediction was previously inaccurate.
A model proposed by Xu and Taylor (1997) was tested having predicted the neutral
case quite well due to the use of a mixing length for the calculation of the TKE dissipa-
tion. Some alterations to the model led to no remarkable differences in the results.
For the stable case a limited length scale model proposed by Apsley and Castro
(1997) predicted a very low turbulent viscosity and was thus unable to predict any other
quantity correctly. The cause for this could have been either a lower limiter that was
imposed on νt or a flawed prediction of the maximum length scales.
Lastly an alteration was made to the k-e model to include the effects of a variable
Prandtl number. This resulted in a smoothened temperature profile with no discernible
cap that hindered the bottom surface-layer profile due to exaggerated turbulent viscosity
values.
Proposals for Future Work
The models for the ABL are still inaccurate and further effort has to be put into finding
better solutions. Those presented in this work suggest that in light of the effects of the
inversion cap on the neutral ABL the k-e model should be reevaluated under different
conditions to better understand how accurate and general it is. Ideally a parametric
study should be carried out.
As far as the variation of the turbulent Prantl number is concerned, some investi-
gation is required and other parameterizations that take the Richardson number into
account should be tested. Different solutions or measurements could also be used so
as to understand the discrepancies between the GABLS1 reference and the turbulent
Prandtl number calculated using the relation given by Venayagamoorthy and Stretch
(2010). Similarly more work has to be done regarding the limited length scale k-e model
proposed by Apsley and Castro (1997) for which other parameterizations for the mix-
ing length should be considered. The k-` model has shown great potential for both the
neutral and stable case as long as the mixing length is well predicted and further work
could include implementing a variable cs dependent on the Richardson number to im-
prove the prediction of the height of the inversion cap. Lastly all models could be tested
in a convective boundary layer to evaluate their range of application. This may be done
by comparing them with the GABLS2 full diurnal cycle.
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Appendix A
Choice of Mesh and Time-Step
The discretization is an approximation that leads to an error between the practical and
theoretical solutions. In order to make sure that this error is negligible model 1 was
run with different levels of discretization regarding both time and space. The GABLS1
conditions were used with a domain size of 1 km. Some characteristic quantities are
compared for the ninth hour in the following table where the previously undefined ∆α
is the angle between the geostrophic and the lower boundary wind speeds.
Table A.1: Analysis of the influence of the discretization on results. n− 1 is the number
of cells used.
- ∆t = 2 s ∆t = 1 s
n− 1 25 50 100 50
u∗ (m/s) 0.265 0.267 0.267 0.267
L (m) 110 113 113 113
∆α (o) 35.2 35.8 36.0 35.8
max[|~v|/|~G|] 1.15 1.15 1.15 1.15
As is apparent the error for using a mesh of 50 cells does not justify the usage of a
finer one so this value was used for all calculations. The same can be stated about the
time-step used for which a value of 2 s was chosen.
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Appendix B
Other Results
The following table presents comparative results for all models. The errors are relative
to the respective reference simulations or measurements, i.e. the Leipzig wind profile
(Mildner, 1932) for the steady state (ss) simulations, the LES simulation n02 from Ped-
ersen et al. (2014) for the neutral case transient (t) simulations (includes Tk-eD), the
GABLS1 reference LES simulations presented by Beare et al. (2006) for the stratification
simulations. The error of a general variable φ when compared with its reference was
calculated as εφ = (φ− φre f )/φre f .
Table B.2 then summarizes several parameters from all models.
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Table B.1: Results of relevant quantities for all models. εφ is the error of variable φ com-
pared to the reference displayed in Bold given as a percentage. (t) stands for transient
and (ss) for steady-state.
Neutral (ss) u∗ (m/s) εu∗ max[vx] (m/s) εvx max[vy] (m/s) εvy
k-eD 0.80 22.0 18.00 3.2 2.94 32.03
k-eF 0.81 24.9 18.16 2.3 3.07 29.20
`B 0.71 9.0 18.78 1.0 5.08 17.28
k-`B 0.64 1.2 18.77 0.9 5.05 16.74
k-e-`X 0.66 1.7 18.76 0.9 5.04 16.35
Leipzig 0.65 - 18.59 - 4.32 -
Neutral (t) u∗ (m/s) εu∗ max[|~v|] (m/s) ε |~v| - -
k-eD 0.35 4.9 10.26 6.5 - -
k-eF 0.36 3.0 10.37 7.6 - -
`B 0.33 11.4 10.83 12.4 - -
k-`B 0.30 17.7 10.77 11.8 - -
k-e-`X 0.31 16.9 10.77 11.8 - -
Tk-eD 0.34 7.6 10.78 11.9 - -
LESPedersen 0.37 - 9.63 - - -
Stable (t) u∗ (m/s) εu∗ max[|~v|] (m/s) ε |~v| h (m) εh
k-eDs 0.27 7.7 9.23 4.2 201 13.5
k-eFs 0.30 2.6 9.16 4.9 226 27.8
`Bs 0.26 10.2 9.19 4.5 246 38.7
k-`Bs 0.25 13.8 9.59 0.4 184 4.0
k-e-`As 0.22 25.4 9.32 3.2 176 0.6
k-e-PrV 0.29 0.6 9.26 3.8 229 29.2
LESGABLS1 0.29 - 9.63 - 177 -
A
ppendix
B.
O
ther
R
esults
59
Table B.2: A summary of the relevant boundary conditions, discretization parameters and results for all models. The solutions are for the
last time step or iteration.
Model zmax ∆zmin n− 1 ∆t z0 f |~G| u∗ h θ∗ θ0 N0 max k max νt
[m] [m] [-] [s] [m] [s−1] [m/s] [m/s] [m] [K] [K] [s−1] [m2s−2] [m2s−1]
k-eD 1.72e+04 71.4 50 0 0.3 0.000113 17.5 0.795 6.12e+03 0 290 0 3.57 869
k-eF 1.72e+04 71.4 50 0 0.3 0.000113 17.5 0.814 4.1e+03 0 290 0 3.84 320
`B 5.73e+03 31 50 10 0.3 0.000113 17.5 0.71 1.04e+03 0 290 0 2.78 14.9
k-`B 2.87e+03 30.7 50 10 0.3 0.000113 17.5 0.644 1.04e+03 0 290 0 2.43 13.2
k-e-`X 2.87e+03 30.7 50 10 0.3 0.000113 17.5 0.663 1.04e+03 0 290 0 2.53 14.2
k-eD(t) 1.95e+04 81 50 10 0.01 0.0001 10 0.352 5.46e+03 0 290 0 0.681 828
k-eF(t) 1.05e+04 43.6 50 10 0.01 0.0001 10 0.359 2.12e+03 0 290 0 0.458 283
`B(t) 2e+03 4.07 1001 10 0.01 0.0001 10 0.328 576 0 290 0 0.591 3.62
k-`B(t) 2e+03 8.3 50 10 0.01 0.0001 10 0.304 517 0 290 0 0.547 3.32
k-e-`X(t) 2e+03 8.3 50 10 0.01 0.0001 10 0.308 517 0 290 0 0.556 3.47
Tk-eD(t) 2e+03 8.3 50 5 0.01 0.0001 10 0.336 832 0 290 0.000266 0.62 20.2
k-eDs 400 10.1 50 1 0.1 0.000139 8 0.267 201 0.0456 263 3.44e-06 0.394 1.22
k-eFs 1e+03 10.2 50 1 0.1 0.000139 8 0.297 226 0.0556 263 5.1e-06 0.487 2.3
`Bs 400 10.1 50 1 0.1 0.000139 8 0.26 246 0.052 263 4.89e-06 0.388 0.907
k-`Bs 400 10.1 50 1 0.1 0.000139 8 0.25 184 0.0451 263 3.45e-06 0.344 0.867
k-e-`As 400 10.1 50 1 0.1 0.000139 8 0.216 176 0.0345 263 2.06e-06 0.257 0.421
k-e-PrV 1.5e+03 10.3 50 2 0.1 0.000139 8 0.288 229 0.0425 263 2.8e-06 0.457 1.82
1The mesh was refined to keep track of the discretization error, a mesh of 50 led to a negligible alteration to the results.
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Table B.3: An analysis of the dependence of max νt and ∆zmin. Using the k-eDs model
and the same conditions as for GABLS1 but with a domain height of 2 km and a time
step of 2s.
∆zmin [m] 0.2 1 4 10 20
max νt [m2s−1] 1.6 1.6 1.5 1.2 0.9
A dependence between the solution and the height of the first cell, ∆zmin, was found
to have some importance after having run all the simulations presented in Table B.2.
This relation is not to be expected since, from a conceptual standpoint, the first node for
the employed value of ∆zmin yields a first node located at a height of 5 m. This is well
inside the SL which typically represents 10 % of the ABL height. For the stable case this
would mean a SL height of approximately 20 m.
In fact, for ∆zmin < 10 m the values of max νt are quite similar as can be seen from
Table B.3 validating this approximation. However, for values of ∆zmin < 1 m the size of
the first cell has the same order of magnitude as z0, making the results for these cases
questionable since it should be at least one order of magnitude higher than z0.
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